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INTRODUCTION

422

In this chapter, we will consider power electronic circuits that produce variable-frequency
ac output voltages from dc sources. As discussed in Chapter 3, depending on whether the
source is dc or ac, power electronic circuits with ac output voltages are referred to as dc-ac
inverters or ac-ac cycloconverters. In converting ac to ac, if the output voltage frequency
is different from the source frequency, the converter is called an ac voltage controller. Tra-
ditionally, dc-to-ac inverters (also known as static inverters) use fixed dc sources to pro-
duce symmetrical ac output voltages at fixed or variable frequency or magnitude. The
output ac voltage system can be of the single-phase or three-phase type at frequencies of
50 Hz, 60 Hz, and 400 Hz with a voltage magnitude range of 110-380 VAC. Inverter cir-
cuits are used to deliver power from a dc source to a passive or active ac load employing
conventional SCRs or gate-driven semiconductor devices such as GTOs, IGBTs, and
MOSFETs. Due to their increased switching speed and power capabilities coupled with
complex control techniques, today’s inverters can operate in wide ranges of regulated out-
put voltage and frequency with reduced harmonics. Medium- and high-power half-bridge
and full-bridge switching devices using MOSFETs and IGBTs are available as packages.
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Dc-to-ac inverters are used in applications where the only source available is a
fixed dc source and the system requires an ac load such as in uninterruptible power
supply (UPS). Applications where dc-ac inverters are used include aircraft power
supplies, variable-speed ac motor drives, and lagging or leading var generation.
For example, an inverter used to provide necessary changes in the frequency of the
ac output is used to regulate the speed of an induction motor and is also used in a
UPS system to produce a fixed ac frequency output when the main power grid sys-
tem is out.

9.1 BASIC BLOCK DIAGRAM OF DC-AC INVERTER

Figure 9.1 shows a typical block diagram of a power electronic circuit utilizing a dc-
to-ac inverter with input and output filters used to smooth the output ac signal.

The feedback circuit is used to sense the output voltage and compare it with a si-
nusoidal reference signal as shown in Fig. 9.1. Depending on the arrangement of the
power switches and their types, various control techniques are normally adopted in in-
dustry. The control objective is to produce a controllable ac output from an uncontrol-
lable dc voltage source. Even though the desired output voltage waveform is purely
sinusoidal, practical inverters are not purely sinusoidal but include significant high-
frequency harmonics. This is why inverters normally employ a high-frequency
switching technique to reduce such harmonics. Two alternative control methods of in-
versions will be discussed in this chapter: uniform pulse width modulation (PWM)
and sinusoidal PWM. Depending on the output power level, both techniques find their
way into practice. Sinusoidal PWM is widely used in motor drive applications with
high-frequency operation.

The front end of the power electronic circuit in Fig. 9.1 is the line ac-to-dc con-
verter discussed in Chapters 7 and 8. Unlike the line ac-to-dc converter circuits in
which diodes and SCRs are commutated naturally, in dc-to-ac inverters forced com-
mutation is used to turn on and off the power switches. The negative portion of the
source voltage is used naturally to turn off the diode and/or the SRC in line ac-dc con-
verters. As a result, the ac-dc converter circuit has one ac frequency—the line frequency—
and the device relies on line commutation for switching. In dc-to-ac inverters, the
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Figure 9.1 Block diagram of a typical power electronic circuit with dc-to-ac inverter.
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ac frequency is not necessarily the line frequency. Hence, if an SCR is used, we must de-
vise a means to force it to turn off in order to produce the desired ac output. This feature,
the variable-frequency output voltage, causes these circuits to play a very important
role in all kinds of industrial applications, such as controlling the speed of motors.
Variable-speed drives are used to control the speed of electric vehicles, pumps, rollers,
and conveyors. Therefore, inverters circuits require more elaborate control signals to
shape the ac voltage.

The load in Fig. 9.1 is broadly classified as either passive or active. If the load
consists of impedance only (i.e., is passive), its time domain response is determined
by the nature of the load and cannot be controlled externally. If the load consists of a
source (i.e., is active), its time domain information can be controlled externally, as in
the case of machine loads.

One final note should be made about power switches. The simplest inverter
is one that employs a switching device that can be gate-controlled to interrupt
current flow, resulting in a naturally commutating or self-commutated inverter.
These switching devices are the gate-driven types such as GTOs, IGBTs, MOS-
FETs, and power BJTs. When SCRs are used, the converter requires an addi-
tional external circuit to force the SCR to turn off. The reason for the mandatory
forced commutation in such inverters is that the dc input voltage across the
SCR devices causes them to be in the forward conduction state. The higher the
power rating of the gate-controlled devices, the less SCRs are used in the de-
sign of inverters.

Voltage- and Current-Source Inverters

Since a practical source can provide either a constant voltage or a constant current,
broadly speaking, inverters are divided into voltage-source inverters (VSIs) and cur-
rent-source inverters (CSIs). The dc source in a VSI is a fixed voltage such as a bat-
tery, fuel cell, solar cell, dc generator, or rectified dc source. In a CSI, the dc source is
a nearly constant current source. The nature of the source, whether it is a dc current
source or a dc voltage source, makes the power inverter clearly distinguishable and
its practical application more defined. Block diagrams for a voltage-source and a
current-source inverter are shown in Fig. 9.2(a) and (b), respectively.

—o0—o— *
Ve Vo
_ —_——— -
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fin i
— —
—o0—o— *
Igc Yo
—p— - Figure 9.2 Block diagram representations for
77 (a) voltage source inverter and (b) current-
(b) source inverter.
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In the voltage-source inverter (VSI), the output voltage, v,, is a function of
the inverter operation; the load current, i,, is a function of the nature of the
load; and the dc input, ¥y, is a constant input voltage. In the current-source in-
verter, the output voltage is a function of the inverter operation; the load cur-
rent, i,, is a function of the nature of the load; and the source, /,, is a constant
input current.

Inverter Configurations

Figure 9.3(a), (b), and (c) shows, respectively, three possible single-phase inverter
arrangements: biphase, half-bridge, and full-bridge. The biphase inverter, also known
as a push-pull inverter, is drawn in two different ways in Fig. 9.3(a).

Output Voltage Control

If the output voltage is controlled by varying the dc source voltage, this can be
accomplished by either controlling the dc input by using a front dc-dc converter,
as shown in Fig. 9.4(a), or by using an ac-dc phase control converter, as shown
in Fig. 9.4(b). In many applications, varying the input dc voltage is not possible
or is costly.
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Figure 9.3 Single-phase inverter arrangements. () Biphase inverter.
(b) Half-bridge inverter. (¢) Full-bridge inverter.
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9.2 BASIC HALF-BRIDGE INVERTER CIRCUITS
9.2.1 Resistive Load

To illustrate the basic concept of a dc-to-ac inverter circuit, we consider a half-
bridge voltage-source inverter circuit under a resistive load as shown in Fig. 9.5(a).
The switching waveforms for S}, S,, and the resultant output voltage are shown in
Fig. 9.5(b).

The circuit operation is very simple. S, and S, are switched on and off alterna-
tively at a 50% duty cycle, as shown in the switching waveform in Fig. 9.5(b). This
shows that the circuit generates a square ac voltage waveform across the load from a

(@)

Sy
52
| | | | |
L
+Vdc | | | | |
> !
vy, | T2 . S
« > Figure 9.5 (a) Half-bridge inverter under
T resistive load. (b) Switching and output
(b) voltage waveforms.

.
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Figure 9.6 Half-bridge inverter circuit
with large splitting capacitors.

constant dc source. The voltages V. and —V_ are applied across R when S, is on and
S, is off, and when S, is on and §; is off, respectively. One observation to be made
here is that the frequency of the output voltage is equal to 1/7 and is determined by
the switching frequency. This is true as long as S| and S, are switched complementa-
rily. Moreover, the rms value of the output voltage is simply V.. Hence, to control the
rms value of the output voltage, we must control the rectified V4, voltage source. An-
other observation is that the load power factor is unity since we have a purely resistive
load. This is rarely encountered in practical applications.

Finally, we should note that in practice the circuit does not require two equal dc
voltage sources as shown in Fig. 9.5(«a). Instead, large splitting capacitors are used to
produce two equal dc voltage sources as shown in Fig. 9.6. The two capacitors, C._,
are equal and very large, so that RC_ is much larger than the half switching period.
This will guarantee that the midpoint, a, between the capacitors has a fixed potential
at one-half of the supply voltage V.. The current from the source, V', equals one-half
of the load current, i,. In steady state, the average capacitor currents are zero; hence,
capacitors C,, are used to block the dc component of i,.

The limitation of this half-bridge configuration is that varying the switching se-
quence cannot control the output voltage.

EXAMPLE 9.1

Sketch the current and voltage waveforms for i, i,, v,;, and v,, for the circuit shown in Fig. 9.6
for 6 =0 and 6+#0 by using the switching waveforms for S; and S, shown in Fig. 9.7(a).
Determine the average output voltage in terms of ;. and 6 when the inverter operates in the

steady state.

SOLUTION Let us consider mode 1, when S| is on and S, is off. Then the output voltage and current
equations are given by

v:@
‘ 2
ZIE:E
° R 2R

Since we assumed that the capacitors are equal, the load current, i, splits equally, i.e.,
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Mode 2 starts when S; and S, are off during the short interval 6.

v, =0

i,=0

fep =iy =iy =0
_ _Vdc

Vi1 _vs2_7

V :_E
¢ 2
° R 2R
_ io _ Vdc
=3 =%
. Vdc
lep = —le1 = ﬁ
. Vdc
n Tl T TR
Vdc
Vs1 = T_VU = Vdc
Vi, =0

Mode 4 is similar to mode 2 since both switches are open.
The average output voltage is given by

_ (T,
Vo,ms = |7 ) v2(1) dt
2 2
R =0 V4o 270 =V,
0,rms o J (7) dg"’_J 5 de 9.1)
0 T+ 0

0,rms > T

Notice that when 6 = 0, the rms value of the output is V,;./2, as expected. Notice also that
in a practical situation under an inductive load, the two switches are not allowed to switch
off simultaneously. Figure 9.7(b) and (c¢) shows the currents and voltages for 6 =0 and
0+ 0, respectively. Since the waveform is symmetric, the average output voltage will al-
ways be zero.

<
|

9.2.2 Inductive-Resistive Load

Figure 9.8(a) shows a half-bridge inverter under an inductive-resistive load, with its

equivalent circuit and the output waveforms shown in Fig. 9.8() and (c), respectively.
With S, and S, switched complementarily, each at a 50% duty cycle at a switching

frequency £, then the load between terminals a and a” is excited by a square voltage
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Vin
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2%
>
0 T2 | T
~Vie +

Figure 9.8 (a) Half-bridge
inverter with inductive-resistive
load. (b) Equivalent circuit.
(c) Steady-state waveforms.

waveform v, (¢) of amplitudes +V,, and —V, as shown in Fig. 9.8(b); i.e., v;,(¢) is
defined as follows:

Ve 0<t<T/2
vin(t) = 9.2)

V4 T/2<t<T

The switches are implemented using a conventional SCR (requiring an external
forced commutation circuit) or fully controlled power switching devices such as IG-
BTs, GTOs, BTJs, or MOSFETs. Notice that from the direction of the load current i,
these switches must be bidirectional. An example is the half-bridge inverter circuit
shown in Fig. 9.9 with S, and S, implemented by MOSFETs.

Assume the inverter operates in the steady state and its inductor current wave-
form is shown in Fig. 9.8(c). For 0 <¢ < ¢,, the inductor current is negative, which
means that while S is on the current actually flows in the reverse direction, i.e., in the
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Figure 9.9 MOSFET implementation for S, and
S, in the half-bridge inverter of Fig. 9.8(a).

body (flyback) diode of the bidirectional switch S;. At ¢ =¢,, the current flows
through transistor Q;, as shown in Fig. 9.8(c). At t = T/2, when S, is turned on,
since the current direction is positive, the flyback diode, D,, turns on until
t =T/2+¢,, when Q, starts conducting.

In steady state, the following conditions must hold:

i,(0) = ~i,(T/2)
i(0) = i,(T)

During the first interval (0 <t < 7/2), when S| is on and S, is off, v;,(¥) = +V.,
resulting in the following equation for i, ():

di .
T Riy = ¥y, 93)
If the inductor initial value equals 7, (0), the solution for i, (¢) is given by

. Vi Va

i(t)=- (IL(O) + ?C)e*’/7+ 70 9.4)
where 7= L/R. Since [;(T/2) = -I,;(0), the initial condition at = 0 is constant
and given by

Vdcl _e 27

O =R e

(9.5)

The second half-cycle for # > T/2 produces the following expression for i;(¢)
with the initial condition at t = 7/2 equaling —/,(0):

V V.
i(t)= ([L(O) + %)e—(wwz)/t ?dc ©6)

This expression equals —i;(¢) of Eq. (9.4), which is valid for the interval
(172t < T).

The exact expression for the average power delivered to the load can be obtained
from the following relation:

(T,
Po,ave = TJ lL(t)vo(t) dt
0

2] dc /2 ] d J d
= - + et/ T+ £
J { (IL(O) R )e IR dt

0

(9.7)

where /;(0) is given by Eq. (9.5).

7
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To determine the device’s ratings, we must find the average and rms current val-
ues through the switching devices and flyback diodes. It is clear that when #; changes
polarity at ¢ = ¢, during the first interval, the load current changes polarity and, hence,
commutates from D, to Q,. Similarly, at ¢t = ¢, + 7/2, the current commutation goes
from D, to O, as shown in Fig. 9.8(c). The time at which i, (#) becomes zero, t =¢,,
is obtained by setting i, (¢) in Eq. (9.4) to zero at ¢ = ¢, to yield

2

e ©8)

t,=7ln

Obtaining the value of ¢, allows us to find the average and rms values for the switch-
ing devices and flyback diodes.

Average Transistor and Diode Currents

To help us obtain quantitatively the expressions for the diode and transistor currents,
we represent the load voltage and current by their fundamental components as shown
in Fig. 9.10(a).

Let the fundamental components of v,(f) and 7;(¢) be given by

v, (1) =V, sinwt 9.9
i (t) =1, sin(wt+ 0) (9.10)

where V,, =2V,./m, and 1,; and 0 are the peak and the phase angle of i;,(¢) as
shown in Fig. 9.10(a), which are given by

— 2VdC — ~1 (I)L
101 = TZV 0 = tan (7) (911)

where |Z| = JR?+ (wL)?. Using the fundamental component expression, the rms
values for each of the diode and transistor currents are given by

|1 0.
]D,rms = 2_77j %l(t) dwt
0

6
J J 2,sin2 ot dot (9.12)
0

1 1(_ sin20+0)=101 [0 _sinfcos
T 2 2N 21

1 (7 .
1o ms = —J I2,sin’wt dwt

)
Sl-

SENS

N

27|,
; (9.13)
1 , _

B Jﬁ(“ cos fsin 6 6) = gjl _ 8 sinfcost

and the average values for each of the diode and transistor currents are given by

0
Ip, ave = %TJ 1, sinwt dwt
0

(9.14)
— Lo (1-cos )
27
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Figure 9.10 (a) Output voltage
and current waveforms.
(b) Average transistor and
diode current waveforms as a
(b) function of 6.
=Ly 6 9.1
IQ,ave - 2_77( + cos ) ( . 5)

Notice that under a resistive load, the lagging phase angle is zero and the entire
load current flows through Q, and Q, with D, and D, always reverse biased. This is
clear from the zero average diode current obtained from the preceding equation. Un-
der a purely inductive load, the phase angle is 90° and the load current flows through
the diode and transistors for an equal time, resulting in equal average and rms current
values for the diode and transistor. Figure 9.10(b) shows the average transistor and
diode current values as functions of the phase angle.
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The average output power delivered to the load is approximated by

P, ave = Vormslo1.ms€0s 0 (9.16)
where
ol,ms 5 p
J _ 1y

ol,rms ~ ﬁ
Equation (9.16) yields the following expression for P, .. :

213
=__% cos0 9.17
0,ave ’7T2|Z| ( )

The ripple voltage in the traditional dc-to-ac converter is defined by

Vo,ripple = Al Vg,rms - Vg, ave (918)

Similarly, the input ripple current expression in the dc-to-ac inverter is defined by

Iin,ripple = A/Ig,rms 7Ig,ave (919)
_ ﬁ Vdc

L [ol,rms - 7| (9.20)

in,ripple =

EXAMPLE 9.2
Consider the half-bridge inverter of Fig. 9.9 with the following circuit components:
Vi =408 V,R=8Q, =400 Hz,and L =40 mH.
(a) Derive the exact expression for i;(¢).
(b) Derive the expression for the fundamental component of i, (¢).
(¢) Determine the average diode and transistor currents.

(d) Determine the average power delivered to the load.

SOLUTION (a) The exact solution for i, (#) was derived before, and is given again in Eq. (9.21).

4 v
7(1L(0) + —I—g—c)e’[/"-i- % 0<t<T/2

i(t)= , (9.21)
+(1,00) 4 et mr2e N pnsisy

Since i,(7/2) =—-1,(0), we have

Vdcl _e 1721

Rirers 022

where 7=

=Vl lel

1;(0) = -

(b) To calculate the fundamental component of 7, (¢), we first determine the a; and b, coefficients:
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, 2[ (172 T .
I ()= T[ Jo i;(t)coswt dt + JT/2 i;(t)cos wt dt} (9.23a)
I (1) = ;[ [isinorde+ ! i, (sinor dt] (9.23b)
The fundamental component of i, (¢) is given by
i (t) =17 (#)coswt + I (1) sinwt (9.24)
i; (1) =-0.57cos(2513.3¢+ 57.8°) A

The rms value of i;(f) is

_ 1] (1729 T . ]
I = [Z dt + di
L,rms JT[JO lL(t) ¢ jT/Z lL(t) ¢

1

L,rms

=64.1A

(c¢) The average diode current is given by Eq. (9.14) as

I

D,ave

1
=211 - cosH)
2T

with 6 = tan"!(wL/R) = 85.45° and

1Z] = JR2+ (wL)? = 100.85 Q

If we substitute these values, then I, .. turns out to be

J _ 258

D.ave — —ZF(I —c0885.45°) = 0.38 A

Similarly, /1, ,,. is equal to
[ul
1y ave = 2—77_(1 +cosf) =0.44 A

(d) The average power is given by Eq. (9.17):

P..=V I cos 6

ave ol,rms"ol,rms

272
=9 o050
7| Z|

2
Pave = _2_(_4_.0_8_)___(;05(8545) =2653 W
72(100.85)

EXERCISE 9.1

Figure E9.1 shows a half-bridge inverter under a purely inductive load with V, =24V,
L =10 mH, and f'= 60 Hz. Assume Q, and O, are operating at a 50% duty cycle and the cir-
cuit has reached the steady-state operation.
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im

Dy
Figure E9.1 Half-bridge inverter with purely
inductive load.

(a) Sketch the waveforms for i;, iy, ip, igp, ipy, and v,
(b) Calculate the rms value of 7,(?).
(c) Determine the average output power delivered to the load.

ANSWER I, .. = 1154 A, P, =0W
EXERCISE 9.2

Consider the single-phase inverter of Fig. 9.8(a) with an inductive-resistive load that delivers
400 W to a 60 Hz load from a dc source of 420 V. Assume the output voltage and current are
represented by their fundamental components with a lagging power factor of 0.6. Determine
the average and rms current values for the transistors and diodes.

ANSWER I

D,rms

=081 A,1,,.=045A,1 =231A,1 =180 A

,ave > “0,rms > £ Q,ave

EXAMPLE 9.3

Draw the output voltage and v,; waveforms for the center-tap biphase inverter shown in Fig.
9.11. Assume S, and S, are bidirectional switches and are switched at a 50% duty cycle. It is
used in a low-input-voltage application to reduce losses, since the current only flows half-
period in a section of the transformer (the transformer is not fully utilized). The two modes
of operations are shown in Fig. 9.11(b) and (¢); the waveforms are shown in Fig. 9.11(d).

SOLUTION The equivalent circuit for mode 1, when switch S| is on, is shown in Fig. 9.11(b). The
output voltage is obtained as follows:

Vo _n2
Vae M
n
2
v =2V
o n, dc

Vo _ M
Ve ny
n
_ M

Vo = —— Vdc
n

The waveforms for v, are shown in Fig. 9.11(d).
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Figure9.11 (a)Center-tap biphase inverter for Example 9.3. (b) Mode 1. (¢) Mode 2. (d) Voltage waveforms.

9.3 FULL-BRIDGE INVERTERS

Figure 9.12 shows the full-bridge circuit configuration for a voltage-source inverter

under resistive load.

Depending on the switching sequence of S, S,, S3, and S,, the output voltage can
be controlled either by varying V. only or by controlling the phase shift between the

>

.
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lin
I
»

Figure 9.12 Full-bridge inverter under a purely
resistive load.

s [ Pl P
1 I 1 I 1
| | | | |
o3 N I R —
| | | | |
S I I
| | | | |
| Il | Il |
s [
| | | | |
(@)
Vo | | | |
+VdC
> ot
0 = 2
Vet Figure 9.13 (a) Switching sequence for
full-bridge voltage-source inverter at 50%
) duty cycle. (b) Output voltage waveform.

switches. If §,-S; and S,-S, are switched on and off at a 50% duty cycle as shown in
Fig. 9.13(a), the output voltage, shown in Fig. 9.13(b), is a symmetrical squarewave
whose fundamental rms value is controlled by varying only V.. The fundamental
value of v,(¢) is given by

”
v, (1) = —;Csinwt (9.25)

The rms value of the fundamental component is ¥,/ +/27r. The use of SCR rectifier
circuits or de-dc switch-mode converters normally accomplishes varying of the dc
voltage source.

Another method to control the rms value of the output voltage is to use the
switching sequence shown in Fig. 9.14(a). This switching sequence is obtained by
shifting the timing sequence of S, and S, in Fig. 9.13(a) to the left by a phase angle «,
and S, and S; to the right by the same angle.

The fundamental component of the output voltage, v,,(¢) is given by

vy (8) =V, /% - Lsin(wr - 0) (9.26)

.
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Switch Switch
closed open
I o N o N
I | I | !
JI || 1 || |
| | | | | ||
—H - | - |
S I 1o 1 1o BN
I 1o 1 1o N
| | | | 1
| | | | |
s | ' | ' |
2 I i 1 i N
I 1o 1 1o N
| ! I I |
| | | | |
|| || | || | ||
‘ | : | :
53 I 1o 1 1o N
I 1o 1 1o N
—— | | | 1 |
_|| || I || I ||
| | | | I
- I - I .
54 I 1o 1o 1o 11
V, A (a)
2T Lo Lo Lo P
| | | |
Ve I I I I |_
ol | | |
. > ot
| 11 12m
| Ll |
—Vdc“: 20 :
| |

(b)

~

(0)

Vo1() 4

Figure 9.14 (a) Switching sequence with « phase shift. (b) Output voltage. (¢) Fundamental
component for v, (7).

and the rms value is given by V., J—‘ — a/(2m). It is clear from this relation that the rms
value or the peak of the fundamental component can be controlled by the amount of
the phase shift between the switching signals. We notice that, unlike the switching se-
quence given in Fig. 9.13(b), which has two states for the output voltage—+V;, and —
V4—the switching sequence in Fig. 9.14(a) gives three states for the output voltage,
+V4e 0, and =V ; such inverters are known as tri-state inverters. Since the load is re-
sistive, the four switches can be implemented by SCRs with a unidirectional current
flow. This is because the load current can reverse direction instantaneously as the volt-
age v, reverses its direction. However, under an inductive load, for the circuit to work
using SCRs, a diode must be added in parallel with each SCR as shown in Fig. 9.15.

It can be seen from the switching sequence of Fig. 9.14(a) that in the
steady state, there are four modes of operation, as shown in Fig. 9.16. The
switch implementation for S, S,, S3, and S, is quite simple since there is no need
for bidirectional current flow. The average power delivered to the load is

(V2 ms/R), where V,, . is equal to V. or Vy, }17 a/ 2, depending on whether
the switching sequence of Fig. 9.13(a) or Fig. 9.14(a), respectively, is used.

>

.



7
% | ag BatChapter9.fm Page 440 Friday, February 28,2003 3:11 PM

440 Chapter 9 dc-ac Inverters

|

.
Ideal Resistive load Inductive load with Inductive load with .
unidirectional control bidirectional control ~ F lgure 9-15‘
Possible switch
implementation.
[ 3 J }si
R i R i
Ve <+> 4»—/\/\/\,—40—4> Ve <+> 4»—/\/\/\,—40—0
- - Vo + - - Vo +
% S3 % Sy lt S3 % Sy
Mode 1 Mode 2

Vde Ct) b—'vf/\,—io—o Ve Ct) o—'\/f/\,—io—o

Mode 3 Mode 4
Figure 9.16 Modes of operation.

EXAMPLE 9.4

Consider the resistive-load full-bridge voltage-source inverter shown in Fig. 9.12 with the fol-
lowing circuit parameters: ¥y, = 150 V, R =12 ), and f, = 60 Hz. Sketch the waveforms
for v, and i;,, and determine the average power delivered to the load for the two switching se-
quences shown in Fig. 9.13(a) and Fig. 9.14(a), with a = 10°.

SOLUTION For the switch sequence shown in Fig. 9.13(a), v, and i, are symmetric and given by

V4 0<5t<T/2

v, =

V4 T/725t<T

V
+-& 0<t< T2
i,=
Vdc
—— T/2Z5t<T
R
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The average output power is given by

P ZlJTvuiu dt
Tlo

0,ave

For the switch sequence shown in Fig. 9.14(a), the average output power is given by

2

P _ Va,rms
o,ave R

where the rms value is expressed as

/1 a
Va,rms = Vdc 1_277_

The resultant average output power for a = 10° is given by

2a
Vic(l - ?)
P -

0,ave R

=1666.67 W

As stated earlier, practical loads do not consist of a simple resistor with a unity
power factor, but rather have some sort of an inductance. Figure 9.17(a) shows a full-
bridge inverter under an inductive-resistive load. If the switches are operating at a
50% duty cycle with a two-state output, then the current and voltage waveforms are as
shown in Fig. 9.17(b). The analysis of this inverter is similar to that for the half-bridge
voltage-source inverter discussed earlier.

To obtain an expression for the average power absorbed by the load, we revert to
using the Fourier series as our analysis technique. The rms values for v, and i, of
Fig. 9.17(b) are based on a 50% squarewave output given by

Ig,rms = Ilz,rms +122,rms o +Ir%,rms (9270)
Vorms = Vae (9.27b)
where In,rms =1,/ ﬁ and /, is the peak current of the nth harmonic of i ().

Since the output voltage is a squarewave with a 50% duty cycle, its Fourier series
may be expressed as follows:

Vdc

. in in in
(smwt+s 3wt+s 5wt+___+s nwt)

: : - (9.28)

vo(1) = 2

o

Figure 9.17 (@) Full-bridge
inverter under R-L load.
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Figure 9.17 (continued) (b) Waveforms under 50% duty cycle. (¢) Fundamental component of

the inductor current.
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Therefore, i (f) is given by

i) = 4V 4 sinwt sin3 wt N sinS wt
’ T | JRZ+(ol)? 3JRZ+(Bwl)? 5JR2+ (SwL)?
" sinn wt (9.29)
nAR?+ (nwL)?
and the rms value for the nth current component is given by
— 2 “/é Vdc
n,rms W

where
|Z,| = VR? + (nwL)?

If we assume that the major part of the average output power is delivered at the
fundamental frequency, then P is given by

0, ave
2
8V

o,ave e ﬁz n (a)L)2

P (9.30)

9.3.1 Approximate Analysis

An approximate solution for the load current can be obtained by assuming that
L/R>>T/2. This will allow us to represent the load current by its first harmonic. As
illustrated in the previous example, Fig. 9.17(c) shows the inductor current repre-
sented by its fundamental component. The load current may be approximated by

i, =1, sin(wt-0) (9.31)
where

0= tan“w—L
I _ Vol
L)+ R?

4V
Vol = de

T

The average power delivered to the load is given by

Pave = Iol,rms Vol,rmscose
V
ol" ol
=2_2% cosf
3 COS
8V2 R
=__ 4 cosf (9.32)

where /) .. is the rms of the fundamental component of the inductor current.
Including the contribution of higher harmonics to the power delivered to the load
leads to more complex equations for the power factor and total harmonic distortion.
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EXERCISE 9.3

Consider the full-bridge voltage-source inverter under an R-L load of Fig. 9.17(a) with
Ve =220V, L=6mH, R =16 (1, and f, = 50 Hz. Calculate the average power delivered
to the load up to the seventh harmonic.

ANSWER 273 W

9.3.2 Generalized Analysis

As in the half-bridge configuration, the preceding analysis under 50% duty cycle control
with no « overlap does not allow output control. Figure 9.18(a) shows a typical output
voltage under « control that is produced using the switching sequence of Fig. 9.14(a).
The equivalent circuit for the single-phase bridge inverter is shown in Fig. 9.18(b).

Let us assume we have a generalized impedance load, Z,, 4, as shown in Fig. 9.19.
The Fourier analysis representation for v (¢) is given by

v()= > Vsinnwt (9.33)
n=1,3,5, ...
where
4V
v, =—%Lcosna (9.34)
niw
and i (f) is obtained from
i(0="> Isin(nwr-0,) (9.35)
n=1,3.5,...
Vo= Vs .
L

L
T T L \%
_ T+a s
a T T 2 C—) Yo

I I
I
I
I
I

| | |
§1 S1,83 1 83,84 1 82,541 S1. 52 -
2 | | I

(a) (®)

Figure 9.18 (a) Output voltage using switching sequence given in Fig. 9.14(a).
(b) Equivalent circuit for the full-bridge inverter.

o [ Do

Figure 9.19 Generalized load representation.
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where

) R
I, = |Zn| mcosna (9.36a)

0, =7, (9.36b)

where |Zn| is the magnitude of the nth harmonic impedance, and £Z,, is the angle of
the nth harmonic impedance. The overall rms output voltage is given by

Vo,rms = Vdc,'1 - 2_7:.1 (937)

In terms of the nth harmonic, the rms value of the voltage for each harmonic is
given by

(9.38)
and the rms value of the current for each harmonic is given by
(9.39)
The rms for the nth harmonic is given by
= ——— cosna (9.40)
n,rms ,\/En 7T| Zn|
and the rms of the fundamental output current is given by
= cos« 9.41)
ol,rms ﬁ ’7T| Zl |
where
|Z)| = JJR?+ (wyL)?
and w, is the fundamental frequency.
The total average power delivered to the load resistance is given by
1 T
Po ave _J iovo dt (942)
5 T 0

The voltage and current THDs are given in Egs. (9.43a) and (9.43b), respectively.

(9.43q)
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THD, (9.430)
For the nth harmonic, the average power of Eq. (9.42) is given by
Pon,ave = Ion,rms Von,rms COs Hn
So the total average power is given by
Pose=" D LonsmsVonanm 050, (9.44)

n=1,3,5,...

EXAMPLE 9.5

Consider the full-bridge inverter whose equivalent circuit is represented in Fig. 9.19 with the
four different loads shown in Fig. 9.20 with R=8 Q, L =30 uH, C =147 mF,
f,=60Hz,Vy =120 V,and o = 7/6.

(a) Determine the rms for i, and v, for the first, third, fifth, and seventh harmonics.
(b) Determine the total average power delivered to the load for each of the above harmonics.

(¢) Determine the output current and voltage total harmonic distortion.

SOLUTION (a) To determine the rms for i, and v, for the first, third, fifth, and seventh harmonics, we
use the nth harmonic, given by
— 4 Vdc

= cosna sinnwt (9.45)
n

vn,u

4V 4

1 = ——— Ccosn«a
" nwz)

(i) For the resistive load:

242V, V
V) e = V2 Lcosna Ly = 222 |Z | =R=80Q,0,=0,a=1/6.
’ nir ’ |Z,)
Zioad =
T
) @) (i) @iv) Figure 9.20 Various types of loads.
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_2,\/5' 120 7_7 _ Vl rms Vl,rms_
Vl,rms - —————77 COS(6 93.56 V 11 ms —lle = _R =11.69 A
. V. V.
Vgrm5:2ﬁ 12OCOS(7—T):0V 2 = 3,ms _ 3rms_0A
’ 37 2 : |Z3] R
,\/E - 120 S VS rms VS rms
V. = —|=-1871V I =—=—=-—""=-234 A
5,rms 37 COS( 6 ) 5,rms |ZS| R
J2-120 (7w , s,
V7ms = =5——1c0 (_) =-1337V L= ﬁ = % =-1.67 A
Using the first four harmonics, the approximate rms values for v, and i, are given by
Doms T Vs T Vi + Vame = 9634 V

,rms

Va,rms = f\/Vl,rms

Io,rms = «/112,rms +I§,rms + Ig,rms + I%Jrns =12.04 A

The exact rms values are given by
2 2 5
Va,rms = 2_7TLZT Vdc dot = /\/%Vdc =109.59 V
v

O = 13.69 A

[o,rms - |Z |

(ii) For the series RL load: The rms value for the output voltage is the same as above, since the

output voltage is independent of the load.
n wL)

v
Lo |Z,| = ¥R?+ (nwL)?, 6, = tan*l( z

L = & =6.75 A
NR?2+ (wL)?
V3,rms =0 A

[ = -
IR+ (3eL)?

V.
I e = —2 = 033 A
’ JR? + (5wL)?
V7,1’ms

I = —
T IR+ (TeL)?

(iii) For the series RLC load: The rms value for the output voltage is the same as in (i), since

=-0.168 A

the output voltage is independent of the load.
2 1
|Zn| = /\/RZ + (}’l ol — rﬁ') , 0,,[ = tan! nwl nwC
R
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VS rm
Is e = & =-035A

2 LY
R+ 5 L — ——
@ wC)

v
= T.rms =017 A

2 1 ’
R+ (7wl — ——
(“’ 7wC)

(iv) For the parallel RLC load: The rms value for the output voltage is the same as the one
shown above, since the output voltage is independent of the load.

I 7,rms

17, = 6, = —tan—l(’f_‘i’fiig_:_’f)
(l)2+(n2w2LC—l)2 nol
R nwL
V
s = Lmns =121 A
1/ (l)2+(12w2LC—1)2
R wL
V
I3,rms = s =0A
1/ (l)2+(32a)2LC71)2
R 3wl
I s = V5.me =-539 A
1/ SZwZLCf 1)
SwL
Lyms = V5.ms =-529 A
1/ 72w2LC7 1)
TwL
(b) Power calculations are obtained from the following equation:
Pon,ave = ]on,rms Von,rmscos on

(i) For the resistive load:
cosf,=1 forn=1,3,5,...

P, ... =(93.56)(11.69) = 1094.65 W

ol,ave

Prye=0W

03,ave
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P, .o = (-18.71)(-2.34) = 43.78 W

05,ave

P =(-1337)(-1.67) = 2233 W

o7,ave

Py= 2 LyVonms€0s0, = 1160.76 W
n=1,3,5..
(ii) For the series RL load:

P ... =(93.56)(6.75)cos(54.73°) = 364.67 W

ol,ave
Po3ae =0 W

Ps e = (~18.71)(=0.33)cos (81.95%) = 0.865 W
P,y e = (~13.37)(~0.168)cos(84.23°) = 0.226 W

on,rms’” on,rms

Pu,ave = Z I V Cos Gn = 36575 W
n=135,..

(iii) For the series RLC load:

P, e = (93.56)(9.95)cos(~40.093°) = 640.58 W
PoS,ave =0W

Py e = (-18.71)(~0.35) cos (81.36°) = 0.98 W
P, e = (-13.37)(=0.17) cos (84.037°) = 0.24 W

on,rms ” on,rms

Pa,ave: Z I v C0S0n2641.8w
n=1,3,5..

(iv) For the parallel RLC load:

P, ... =(93.56)(12.1)cos(~14.76°) = 1094.2 W

ol,ave
Po3,ave =0W
P s e = (=18.17)(=5.39) cos (-64.274°) = 43.78 W
Porave = (=13.37)(=5.29) cos (-71.579°) = 22.35 W
Pa,ave = Z [un,rmsVan,rmscos 0n = 11603 W
n=173,5,..

(c) The total harmonic distortion can be obtained from Eq. (9.43):

I 2
THD, = [ ”“] -1=031

ol,rms

449

EXERCISE 9.4

Consider the inductive-resistive—load inverter shown in Fig. 9.17(a) with the following param-
eters: « = 7/3, L =100 mH, R = 16 , V,, =250 V, and f, = 60 Hz. Determine the fun-

damental current and voltage components.

>
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ANSWER iy = Esin(wt767°) A
T

The general analysis presented in this section is based on a passive load Z,; that
produces a fixed load phase shift £Z, = 6; therefore, the output voltage control can
be achieved only by varying a.. However, when the load contains a voltage source, as
in motor and utility grid applications, then it is an active load that allows both the
phase shift 8 and the switching displacement « to be used as control variables.

EXAMPLE 9.6

Consider the active load in a bridge inverter that consists of an R-L load and an ac sinusoidal
voltage source as shown in Fig. 9.21 with the load voltage v, as shown. Obtain the expression
for the fundamental load current and the average power delivered to the load for the following
circuit parameters: v,, = 100sin(27100¢—-30°), V,, =180V, L=42mH, R =0.5 (},
a=15°,and f, = 60 Hz.

SOLUTION To obtain the expression for the fundamental load current, we can use the following equa-
tions (the arrow indicates phasor notation):

— =
? _ Vol B Vac
' R+jowl
We have
4V
V,, = —Lcosa = 4x 180c0s(15°) =22137V
™ ™
Vac
Vo 4
+Vac T |_

t —— ot
o T 27 |
Ve L1 | \
A
A | | |
Vae T } | | | }
I I ! } I

N
Vo \ } } \

N

‘ ‘ ! ! ‘ Figure 9.21 Inverter example with an active load.
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Hence,

=)

L =2213720°V

~|

. =100£30°V

_ 221.374£0° V - 100£30°
(0.5 +2m(60))(42 X 10°)

The total power delivered to the load is given by the following equation:

=

=9.08£-110.25° A

%
P,= %(221.3740")(9.084 ~ 110.25°) = 1005.02£ — 110.25° W

9.4 HARMONIC REDUCTION

Harmonic reduction includes the elimination and cancellation of certain harmonics of
the output voltage. Reducing the harmonic content of the ac output is one of the most
difficult challenges of dc-ac inverter design. If the inverter drives an electromechani-
cal load (ac motor), the harmonics can excite a mechanical resonance, causing the
load to emit acoustic noise.

Unlike the case in dc-to-dc converters, harmonics in the output waveforms are
very significant. This is why the output filters perform different functions and their
design is quite different in terms of complexity and size. In designing output filters in
dc-to-dc converters, the objective is to limit the output voltage ripple to a certain de-
sired percentage of the average output voltage. In other words, this is a passive filter
approach that is limited by the physical size of inductors and capacitors. In dc-to-dc
inverters, the reduction or cancellation of the output harmonics is done actively by
controlling the switching technique of the inverter. Compared with ac-to-dc conver-
sion, harmonic filtering in dc-to-ac is harder since it will affect the attenuation and/or
the phase shift of the fundamental component.

The harmonics that are present in the inverter’s output voltage are high for many
practical applications, especially when the output voltage needs to be near sinusoidal.
To help produce a near sinusoidal output, electronic low-pass filters are normally
added at the output to remove third and higher harmonics. The design of such filters
tends to be challenging when the third and fifth harmonics close to the fundamental
are high. In most cases, effective filters require large size and high numbers of filter-
ing capacitive and inductive components, resulting in bulkiness. By controlling the
width or the number of pulses, certain harmonic content can be removed without the
need for complex harmonic filtering circuits.

It is possible to cancel certain harmonics by simply selecting the duration of the
pulse in the half-cycle of the output voltage. Recall that the peak component of the nth
harmonic for Fig. 9.18(a) is given by

4y,
v, =—%Lcosna (9.46)
nar

For the third harmonic, we have

4v.
Vy=—%cos3a (9.47)
37

g
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Yo
A

+Vac T

|
i
| t | _ 1

_VdC +

» wt

2m Figure 9.22 Two-angle shift control
of inverter output voltage.

!
—
—

To cancel the third harmonic, we set « = 77/ 6; this results in the cancellation of all
harmonics of the order of 3x.

Consider the case of a two-pulse output of Fig. 9.22 with angles of «; and a, as
shown. It can be shown that the nth harmonic is given by

— 4Vdc

e

on

(1 —cosnay + cosna,) (9.48)
For example, to eliminate the third and fifth harmonics, we make V,, = 0 at two fre-
quencies as follows:

1 —cos3a; +cos3a, =0

1 —cos5a;+cosSa, =0

Solve for «; and a, to obtain a; = 17.8° and o, = 38°.

EXAMPLE 9.7

Consider two cascaded push-pull inverters as shown in Fig. 9.23(a); the switching waveforms
for §; — S, are shown in Fig. 9.23(b). Sketch the waveforms for the outputs v,,, v,,,and v, .

SOLUTION The waveforms for the output voltage are shown in Fig. 9.23(b).
The fundamental component of v, is given by

&8V 4
T

Vo (8) = cos arsin wt

where a = wt, . It is clear that the magnitude of the fundamental component of v, has been
reduced by cos o compared to the case when no phase is present (o = 0).

Harmonic Analysis

The harmonics content present in the output of the inverter could be significant. De-
pending on the application, reducing the effect of these harmonics can be very impor-
tant. Recall that the nth component for a squarewave output (a = 0)is 4V /n. For
a # 0, the expression for v,(¢) is given by

v(= > Vsinor (9.49)
n=135,..

where
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Vo=Vol + Vo2

e §+]

g
I_

+Vdc

v
-

Ve T

+Vdc 1

v
-

_VdC -

+2Vdc $

0 >t
h 172 T I—
“2Vae T Figure 9.23 (a) Two push-pull
—>| inverters for Example 9.7. (b) Typical
alw (®) switching waveforms.

The fundamental output voltage component is given by

4V .
= __%cosasin wt (9.50)
T

ol

Figure 9.24(a), (b), and (c) shows the resultant output voltage where harmonics up to
the ninth are included for « = 0, &« = 7/6,and @ = 7/3, respectively. The sketch of
the magnitude of the harmonics of Fig. 9.24, as a function of «, is shown in Fig. 9.25.




7
% | ag BatChapter9.fm Page 454 Friday, February 28,2003 3:11 PM

A

454 Chapter 9 dc-ac Inverters

Vol Vol
y

N Vvo(t)

4V4

C N 1 __
T Cos a

w

(&)
Figure 9.24 The first nine output harmonics: (@) « =0.(b) @ = 7/6.

It is clear from the earlier equation that the magnitude of the harmonics is inversely
proportional to the magnitude of » and «. Under a wide range of variation of «, the fil-
tering of the harmonics might not be an easy task.

The total harmonic distortion for v (¢) is given by

VOITIIS ’
THD, = |52 | —1 (9.51)

ol,rms
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Figure 9.24 (continued) (¢) a = /3.

Von
A

0 Au/14 w10 a6 4 5wt smia a2
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Figure 9.25 Magnitude of the output harmonics as a function of a.

.
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Vg,rms = V;%,rms + I/;%,rms Tt V;)%z rms
52
= V(%n rms (9 5 )
n=1,3,5,
where

V Von (9.53a)
on,rms . = -D3d

’ J2

4V
V,=—Lcosna (9.53b)

niar

Substitute Egs. (9.52) and (9.53) into Eq. (9.51) to yield

(9.54)

0 /4 w2
Figure 9.26 Plots of THD as a function of a.
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EXERCISE 9.5

Show that the ratio of the harmonic magnitude with respect to its fundamental component for
Fig. E9.5 is given by

Von _ sin(n6/2)

V,1 nsin(6/2)

Figure E9.5 Inverter voltage with « control.

EXERCISE 9.6

Determine the value of o > 0 that produces the largest THD in Eq. (9.54) when only the third
harmonics are included.

ANSWER a=17/2

9.5 PULSE-WIDTH MODULATION

Figure 9.27 shows the simplified block diagram representation for a single-phase switch-
ing-mode inverter. The output v/(¢) shows possible types of output waveforms that can be
produced depending on the pulse-width modulation (PWM) control technique employed.

-
L —
=

Switching- High-
Vin mode Vo frequency
inverter filter

Vref Yo
Figure 9.27 Simplified block diagram of single-phase switching-mode inverter.

>
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Vref (1)

VP,tri it
N
f

Vo(t) A

+VdC

» wt

Ty

|
“Vac 1 I
|

| 0T,

Figure 9.28 Typical waveform for equal-pulse PWM technique.

In the single-phase inverter, one or more pulses in a given half-cycle are used to con-
trol the output voltage. Since varying the width of these pulses within the half-cycle
carries out the control, the process is appropriately known as pulse-width modulation
(PWM). By modulating the width of several pulses per half-cycle, a more efficient
method of controlling the output voltage of the inverter is obtained. Using the PWM
process, we can extract a low-frequency signal from a train of high-frequency
squarewaves.

Generally speaking, the PWM method may be divided into two classes, depend-
ing on the modulation technique:

1. Nonsinusoidal PWM, in which all pulses have the same width and are nor-
mally modulated equally to control the output voltage, as shown in the four-
pulse-per-half-cycle example in Fig. 9.28. The widths of these pulses are ad-
justed equally to control the output voltage. Eliminating a selected number of
series harmonics as discussed before requires a very complex control tech-
nique to generate the required switching sequence.

2. Sinusoidal PWM, which allows the pulse width to be modulated sinusoidally;
i.e., the width of each pulse is proportional to the instantaneous value of a ref-
erence sinusoid whose frequency equals that of the fundamental components
as shown in the six-pulse-per-half-cycle example in Fig. 9.29.

Normally the pulses in the nonsinusoidal PWM method are arranged to produce
an odd-function output voltage that is symmetrical around 7,/2. This results in the
cancellation of all the cosine terms and the even harmonics of the sine terms.

We notice that the reference voltage v, () is square and sinusoidal for the equal-
pulse and sinusoidal PWM methods, respectively. It is important that we first define some
terms that pertain to the square and sinusoidal PWM inverters that will be discussed.

Vei(£) : Repetitive triangular waveform (also known as a carrier signal)

Vi it Peak value of the triangular waveform
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vO

I
I
l
et HEEHE i
i N
- > ot
Vg + Figure 9.29 Typical waveforms

for sinusoidal PWM technique.

T,.f,: Period and frequency of the triangular waveform (f; is also known as the
carrier or switching frequency)

Vief ! Reference signal, which can be either a square or a sinusoidal waveform
(also known as a control signal)

Vo ref: Peak value of the reference signal

T,f,: Desired inverter output period and output frequency, which are equal to the
period and frequency of the reference or control signal

mg: Inverter amplitude modulation index

mg: Inverter frequency modulation index

k: Number of pulses per half-cycle

The amplitude and frequency modulation indices are defined as follows:

VP ref

m, =L (9.55)
VP,tri
/s

my="2 (9.56)

S}

Next we discuss the two well-known PWM techniques.

9.5.1 Equal-Pulse (Uniform) PWM

The equal-pulse PWM technique, known also as single-pulse PWM control, is very old
and less popular nowadays. The technique is very simple and requires simple control
since all generated pulses have equal widths. Generating the equal and multiple pulses
is achieved by comparing a square reference voltage waveform v, () to a triangular
control (carrier) voltage waveform, v, (¢), as shown in Fig. 9.28. The op-amp pro-
duces a triggering signal every time the carrier signal goes below or above the refer-
ence signal, as shown in the figure. It is clear that the frequency of the reference voltage
waveform determines the frequency of the output voltage, and the frequency of the
control signal determines the number of equal pulses in each half-cycle.
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4 Viri

Vref
VP,tri
VP,ref
> wt
v,
+VdC 1
> wt
Ve T,
"=
1
» wt
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A A VAR I
I N
v | I I Ll | | Pl I
I
40 | | | | : : : : | | |
Vac | REREEE
| | | |
! | | | | !
: : > wt
T 27
Figure 9.30 Examples
Ve + of equal pulses.
v (a) One-pulse output.
(b) (b) Two-pulse output.

Figure 9.30(a), (b), (c), and (d) shows examples of one-, two-, three-, and seven-
pulse outputs, respectively. As the magnitude of the reference signal increases, the
pulse width increases as well, reaching its maximum value of 77 when the magnitude
of the reference signal becomes equal to the peak of the modulating signal.

It can be shown the « can be expressed in terms of Vp ; and Vp ¢ as follows:

VP,ref _ T
a E(Vp’m IJ 5(1 m,) 9.57)
Notice that the frequency of the control signal, £, is twice the frequency of the
reference signal, f,.;. It is clear from these waveforms that the number of pulses, £, is
equal to the number of periods of the control signal per half-period of the reference
signal; i.e., & is the number of switching periods, 7, in the 7,/2 period, which can be
expressed as

k=L

37 (9.58)
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» W!

“ Figure 9.30 (continued)
Examples of equal pulses.
(c¢) Three-pulse output.

v (d) (d) Seven-pulse output.

In terms of the frequency modulation index, m; k may be expressed by the following
relation:
1
k=- 9.59
2’” 74 ( )
Notice that k£ = 1 is a special case where f,/f, =2.

We should point out that the output frequency is equal to the frequency of the ref-
erence signal, (i.e., f, = f,.¢) and the switching frequency is equal to the frequency of
the carrier or triangle signal ( f, = f;;).

For example, in Fig. 9.30(d), k =7 and m,= 14. The maximum width of each
pulse occurs when m, = 1 and is given by

T

Lyidth,max — 2—2 (9.60)

The maximum conduction angle width of each pulse is given by

0

width,max

= =T
= w,t k (9.61)

width,max

>

.
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EXERCISE 9.7
Derive Eq. (9.57).

Next we will derive a general expression for the ith pulse width in a given k-pulse
output in terms of i, k, and m,. Referring to Fig. 9.31, which shows a k-pulse inverter
output, the start of the ith pulse is given by

T VP ref
t=>G(-DT +Z1-= 9.62
] (l ) Ky 2[ Vp’tri ( )
Substituting for f, = 1/T, from Eq. (9.58) into Eq. (9.62), ¢, becomes
T T
t,=20(-1)+=2(1- 9.63
In terms of the starting angle, 0, = w,t;, of the ith pulse, Eq. (9.63) may be written as
follows:
_af, Ml
0. = z[z - 2} (9.64)

For example, for the two-pulse waveform, £ =2 and m = 0.5, the angles at which
the pulses start are given by

2 4 2 2 4 2| 8
_m, 1 17_5m _ml, 1 17_137
92_5[2 4 2} 8 04 5[4 4 2} 8

Notice that because of the symmetry, 6; = 0, + 7 and 6, = 6, + 7. It can be shown
that, in general, the width of each pulse is given by

Ouvian = 77',% (9.65)

For k=2 and m = 0.5, 0,4, = 7/4, as expected.

The Output Voltage

It can be shown that the average output voltage over a period of 7, is given by

Voave =MyVye 0<m,<1 (9.66)
Voa | w5

R —
I 12 3 i k
L LT M

o 0; - ¢

i Figure 9.31 k-pulse

inverter output in a half-

cycle.
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The rms value for the ith pulse is given by

o 1 (0 Buian
Vs = «/2_77J L dor

[k
= Vi 7 width

Recall that from Eq. (9.65) we have 0,4, = m(m,/k); hence, Eq. (9.67) becomes

[k mm, _
Vo,rms = Vdc 7_7_ % - Vdc/\/"”Tg (968)

The rms of the output voltage is a function of the modulation index.

(9.67)

Harmonics of k Equal Pulses

Let us determine the harmonic components for the ith pulse shown in Fig. 9.32. Since
it is an odd function, only the odd harmonics exist in the b, coefficients. The harmon-
ics of the output voltage due to the ith pulse acting alone is given by

V 0; + Oiam 0+ O + 7
R _de J cosnwt dth " cosnwt dwt
’ T e 0+

i

_ 2V Sm(" ewidth)[sin(n(a N 9widthD B Sin(n('ﬂ P gwidth)):|
nir 2 ! 2 o2

For the total & pulses, V,,, is given by

k . 0, 0.
Vo = z 2nI:‘:_° sin(n—e‘;ldth)[sin (n(@i + WzldthD — sin (ﬂ('ﬂ‘f‘ 0, + Wz'dth)ﬂ

i=1

(9.69)

forn=1,3,5,... (9.70)

In terms of k, m,, and 0,4, , using Egs. (9.64) and (9.65), 6, can be expressed as

0 .
0, = %T(i_%)— Wz‘dth where i =1,2,...,k 9.71)
where
Owian = %Tma (9.72)

It can be shown that the nth harmonic component for the k-pulse output voltage
may be expressed as follows:

k

av. . (m .

Von = dc Sln( a n)z 5111(7_7(1'7 1/2),1) (9_73)

n 2k = k

VO A
V 777777
e | | 0[ + 0[ + gwidth + T
t \‘ "/ } > wit
0/ 92 0one 2m Figure 9.32 Symmetric
Ve F-——- P T e al representation of ith
¢ pulse for a given

inverter output.
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For illustration purposes, let us consider the example with m = 0.5 and the first nine har-
monics, and then evaluate the total harmonic distortion as a function of the number of pulses.
To verify the above equation for a single pulse, we calculate the harmonic compo-
nents for k= 1,7 =1, and 0, = «, to yield
1

v, = o sin(’ﬂma)z sin(%(if 1/2)n) 9.74)

n 2

i=

Substituting for m, from Eq. (9.72), Eq. (9.74) becomes

4V 0,
v, = ( dc) sin(n Wldth) for odd n (9.75)
n 2

Equation (9.75) represents the harmonic components of the output voltage for £ = 1
as a function of the pulse width 0,4,. This equation is similar to what we derived
previously as a function of a.

EXAMPLE 9.8

For uniform PWM with a value of £ = 5 and a modulation index m, = 0.2, calculate the out-
put harmonic components up to the fifteenth harmonic.

SOLUTION Using Eq. (9.73), Table 9.1 shows the values of the first 15 harmonics. Figure 9.33 shows

the plot for the harmonic contents of Table 9.1. Figure 9.34 shows the harmonic ratios with re-
spect to the fundamentals for m = 0.2 and £ = 1 to k = 7 pulses per half-cycle.

From Table 9.1 for m, = 0.2, we observe that as the number of pulses increases per half-
cycle, the magnitude of the lower harmonics (third, fifth, seventh) decreases with respect to the
fundamental component. Furthermore, there is an increase in magnitude for the higher-order
harmonics with respect to the fundamental; however, such higher-order harmonics produce a
negligible ripple that can be easily filtered out. Still, the ratio of the harmonic to the fundamen-
tal is relatively unchanged as the number of pulses increases within a half-cycle. The THD for
this example is 223%! The higher the modulation index, the lower the THD.

EXERCISE 9.8

Consider two equal pulses placed at wt = 0, and wt = 0, + , respectively, each with a width
of 0,4, as shown in Fig. 9.32. Show that the nth harmonic component is given by

V,, = V,sinnwt

Table 9.1 Normalized Harmonics for k =5 and m, = 0.2

Magnitude harmonic coefficient V,/ Ve
v, 0.258715
v, 0.098301
Vs 0.078691
12 0.095728
v 0.245304
7 0238761
Vis -0.088251
Vis ~0.068671
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Figure 9.33 Harmonic contents for k =5 and m, = 0.2.
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Figure 9.34 Harmonic contents for k =1 to k =7,and m, = 0.2.

where

2 ) 0. 0,
Vn _ Vdc Sin(n Gw‘d‘h){sinn(ai + mdth)i sinn(ﬂ'+ 0[ + Wldth):|
n 2 2 2
9.5.2 Sinusoidal PWM
Basic Concept

To illustrate the process of sinusoidal PWM, we refer to the simplified buck converter
shown in Fig. 9.35. Recall that in PWM dc-dc converters, the duty cycle is modulated

d(®)

w(D W O

. Figure 9.35 Simplified buck converter.
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between 0 and 1 to regulate the dc output voltage. In the steady-state, the duty cycle in
PWM switch-mode converters is relatively constant and does not vary with time:

V,=DV, (9.76)

where D is the duty cycle, representing the ratio of the on time of the switch to the
switching period, and V, is the average output voltage.

If the duty cycle, d(¢), varies or is modulated according to a certain time function,
with a modulating frequency, f,, then it is possible to shape the output voltage wave-
form, v, , in such a way that its average value over the modulating period synthesizes a
sinusoidal waveform. For example, if the duty cycle is defined according to the function

d(t) =Dy, + D, sinw,t (9.77)

where
Dy, = dc duty cycle when no modulation exists
D, ..« = maximum modulation constant

w, = frequency of modulation

then the output voltage, v,, is given by
v, =d(t)Vy,

(9.78)
= Vch dc + Vch

max SIN W, 7

For a buck converter, since the output voltage cannot be negative, then D, <D, as
shown in Fig. 9.36.

As an example, if Dy, = 0.5, D, = 0.8Dy., and f, =f./12, the duty cycle is
given by

d(t) = 0.5+ 0.4sin(27f,t;)
where t;,=0,1,2,3,...,12.

@

h

Dye + Dax T

Dy

Dyc—Dpmax T

Vo

Vac

T
L T, T, 5L, T, 20, 3T,
6 4 3 T 2 T 3 4 6 12

Figure 9.36 Example of Dy, = 0.5, D, = 08Dy, and f, =f/12.

—_
N T
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Table 9.2 Example of 12-Pulse Sinusoidal PWM Signal

Pulse Time, ¢, d(t)=0.5+0.4sin(27f t;)
1 0 0.50
2 T,/12 0.70
3 T,/6 0.85
4 T,/4 0.90
5 T,/3 0.85
6 5T,/12 0.70
7 T,/2 0.50
8 7T,/12 0.30
9 27T,/3 0.15

10 9T,/12 0.10

11 5T,/6 0.15

12 117,/12 0.30

Since the switching frequency is 12 times faster than the modulating frequency,
£, then d(¢) is sampled 12 times between 0 <¢ < T ,. This is illustrated in Table 9.2
for 0<t < T,/2 and six pulses in a half-cycle.

The preceding will now be applied to sinusoidal PWM inverters.

PWM Modulation Function

Since the waveform is symmetrical around the T,/2 point, we define m(¢) only in the
first half-cycle. In the single-pulse inverter with a two-state output of Fig. 9.13(b), the
modulation function is simply unity.

v,=m(t)Vy m@)=1 0<t<T/2 (9.79)
In the single-pulse inverter with a tri-state output of Fig. 9.18(a), the modulation func-
tion in a half-cycle is given by
0 0si<a/w
vo=m(t)Vy, m(t)=1+1 &/ w<t<T,/2-a/w (9.80)
O 7/2-a/w<t<T,/2

In a k-pulse inverter with a constant duration, the modulation function is given by

{+1 0<t<dt)
v,=m(t)Vy m(t)= (9.81)
0 dit)<t< T,

In the sinusoidal PWM technique, the pulse durations are adjusted to change
slowly to follow the sinusoidal function. The modulation function is normally limited
between 0 and 1. Since it is desired to have an output voltage with zero dc, the modu-
lation function must be symmetrical around zero.

g
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For the sinusoid PWM waveforms, we define as follows:
m(t) = M, cosw,t (9.82)

where w, is the modulation frequency, which must be less than the switching frequency;
ie, w, << w,. M is the gain of the modulation function, which varies between 0 and
1. Normally the switching frequency is in the range of a few hertz to a 100 kHz while
the modulation frequency is less than 500 Hz. As stated before, using the PWM process,
we can extract a low-frequency signal from a train of high-frequency squarewaves. The
higher the switching frequency of the squarewave output with respect to the desired
low-frequency output signal, the more the output waveform approximates a sinusoidal.

A modulation gain of unity represents the largest possible output voltage,
whereas a modulation gain of zero means the output waveform frequency equals the
switching frequency, and the output voltage is the smallest.

Switching Schemes

Depending on the switching sequence, the output voltage in PWM inverters can be ei-
ther bipolar or unipolar. Figure 9.37 shows a bipolar output voltage in a PWM inverter.
When the reference sinusoidal signal is larger or smaller than the triangular wave, the
output equals +V, or =V, respectively. Both the half-bridge and full-bridge configura-
tions are used in practice to generate a PWM output voltage waveform.

In bipolar voltage switching, m,is an odd number that is the same as the switch-
ing frequency, f;. The output frequency, f,, in unipolar voltage switching is twice the
frequency in bipolar voltage switching (m, is doubled).

If both positive and negative sinusoidal control signals are available, then the switch-
ing sequence will produce a unipolar output waveform as shown in Fig. 9.38. The output
waveforms for v, and v, are shown in Fig. 9.38(a) and (b), respectively, and Fig. 9.38(c)
shows v, = v, —v,, . Here the triangular signal is chosen to be a sawtooth function.

Signal Generation

Advanced digital and analog techniques exist in today’s inverters to generate the driv-
ing signals that produce sinusoidal PWM. For illustration purposes, Fig. 9.39 shows a
comparator that compares a triangular signal to a sinusoidal reference signal.

IR UL

Figure 9.37 Example of a bipolar PWM output waveform.

Ve
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Figure 9.38 Unipolar PWM output. (a) A positive sinusoidal reference to produce v,;.
(b) Positive sinusoidal reference to produce v,,. (c¢) The differential output v, = v, —v,,.

e Figure 9.39

Simplified circuit
showing how
signals are
generated in
sinusoidal PWM
inverters.
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Analysis of Sinusoidal PWM

As stated before, the width of each pulse is varied in proportion to the instantaneous
integrated value of the required fundamental component at the time of its event. In
other words, the pulse width becomes a sinusoidal function of the angular position. In
sinusoidal PWM, the lower-order harmonics of the modulated voltage waveform are
highly reduced compared with the use of the uniform pulse-width modulation.

The output voltage signal in sinusoidal PWM can be obtained by comparing a
control signal, v .., against a sinusoidal reference signal, v, at the desired frequency.
At the first half of the output period, the output voltage takes a positive value (+V,)
whenever the reference signal is greater than the control signal. In the second half of
the output period, the output voltage takes a negative value (V) whenever the refer-
ence signal is less than the control signal.

Similar to the case of equal-pulse PWM, the control frequency £, (equal to the
switching frequency) determines the number of pulses per half-cycle of the output
voltage signal. Also, the output frequency f, is determined by the reference frequency
Jre- The amplitude modulation index, m,, is defined as the ratio between the sinusoi-
dal magnitude and the control signal magnitude.

_ Vrrer (9.83)

m. =
VP,cont

a

The duration of the pulses is proportional to the corresponding value of the sine-
wave at the corresponding position. Then the ratio of any pulse duration to its corre-
sponding time duration is constant, as shown in Figs. 9.40 and 9.42.

&=B2_B3 Bi

2 =23 5 5 = constant (9.84)
Yi Y2 3 Vi

The most important simplifying assumption here is that if the control frequency
signal is very high with respect to the reference frequency signal, (m, >> 1), then the
value of the reference signal between two consecutive intersections with the control
signal is almost constant. This is illustrated in Fig. 9.41.

A

1] V(D)

Yi Veef (1)
y
ZIle | l S | » 0t

THe

B1 B2 Bi

Figure 9.40 PWM figure illustrating the constant ratio between the width and height of a given pulse.

Figure 9.41 High-frequency sinusoidal PWM.




%
%\é | $ BatChapter9.fm Page 471 Friday, February 28,2003 3:11 PM

A

>

9.5 Pulse-Width Modulation 471

Different

levels

of vyep(?)

Ve ===~
Y2 _ 3
B B, B3 constant
> wt
- PLe— Figure 9.42
— B Triangular
— B3 approximation.

The proportional variation of each pulse width with respect to the corresponding
sinewave amplitude can be seen by applying a triangular relationship, as shown in
Fig. 9.42.

Output Voltage Harmonics

The calculation of the sinusoidal PWM output voltage is the same as that of the uni-
form PWM output voltage. However, for sinusoidal PWM, the width of each pulse
varies according to its position. The expression for the output voltage is obtained
using a Fourier series transformation for v,, given by

oo

v, (1) = z (a,cosnwt + b, sinnwt) (9.85)

n=12,..

Since the inverter output voltage is an odd function, only odd harmonics exist.
The calculation of the output voltage harmonic components can be done using a
single pair of pulses as shown in Fig. 9.43.

y =1 J Ty (t)sin(not) d(wr)
™ 0

(9.86)

6;

0,+0,, T+ 0,
Vi = —U Vaesin(nwt) d(wt) +J —Vy.sin(nwt) d(wt)J

L], )

Using the trigonometric relationship

COSX — COSy = —(2 sin%’)(sin%’)
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Figure 9.43 Single sinusoidal PWM pair of pulses.
it can be shown that the harmonic component for a single pair of pulses is given by

| 6., 6.,
V.. = (2 Vdc)sin(n—‘gw’) sinn(ei + —WZ) - sinn(@,» -t 77) ©-87)
n,i nar 2 2 2

Adding the contribution from all other pulses, the ith component of v, is given by

k
2 , 0, 0.
= > (2 sn( s 0, 5) -0+ e )| o)

i=1

where 0, is the starting angle of the ith pulse and 6,; is the pulse width at the corre-
sponding angular position. Next, we estimate the width of each pulse, 6, ;, for each ith
pulse.

Approximating the Pulse Width, 6, ;

Assume each pulse is located at the discrete value of 0;, which represents the first in-
tersection for the generation of the ith pulse. Then the approximated mathematical re-
lation for the width is found using a geometrical relation as shown in Fig. 9.44.

From the geometry of the triangle ABC in Fig. 9.44, we have

hy = VP,tri H hx = VP,refSin 01" Y= ﬁwo = 7_]:
The approximated width of the ith pulse, 6,; ,,, , is given by
O,iapp = X (9.89)
Since o = 3, then
h, h
=2
Pl (9.90)
Substituting for 4, A,, y, and x in Eq. (9.90) and using m, = Vp ¢/ Vp 4 » Eq. (9.89)
becomes
O app = (lkT)masin 0, (9.91)
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| | '
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Vie=—~

» wt

0; 0;

Figure 9.44 Approximated pulse width, i.e., Ae =0.

It can be seen that the exact width is produced for the consecutive intersections of
the control signal and the sinusoidal signal at positions 6, and 6',. Therefore, an error
is originated when the signal is considered constant and the value of the width is
found using the approximated procedure. To reduce the width approximation error, it
is necessary to increase the carrier frequency. Increasing the index frequency m, pro-
duces a considerable reduction in the difference of the reference signal values evalu-
ated at 6, and 6’ respectively.

Exact Expression for 6,;

For the ith pulse with an angle 0;, it can be easily shown that the point of intersection
between the control signal and the wt axisis ((2i—1)7/2k, 0), as shown in Fig. 9.45.
The general expression for v_,,.(w?) having all lines of negative slope is given by

V(@) = ngVP’tri[wt (2i— 1)}%’] i=0,1,2,.. ,k (9.92)
s

The expression for the reference signal is given by
Vief(01) = Vp gSinwt (9.93)
Evaluating Eqs. (9.92) and (9.93) at wt = 0;, v ., (0;) = v.¢(0;) , yields

y, L6 -i- DI | =V, sing, (9.94)
T Jtri| Vi m_f , Te i
Equation (9.94) can be rewritten as
. mg .
m,sinf; = ——0,+(2i—1) (9.95)
T

The value of 6; can be found by solving Eq. (9.95) numerically.

>
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VP,com —>

Figure 9.45 Intersections between v, and v,

cont*

Consider the cases for different numbers of pulses per half-cycle shown in
Fig. 9.46. The exact width for each pulse is found by adding the approximated width and
the corresponding error Ae in each interval. As shown in Fig. 9.46, for the two-pulse
case we have Ae; = Ae, by symmetry, as well as for the cases of three and four pulses.

Generalizing for any symmetric pair of pulses, the calculation for any width can
be done as shown in Fig. 9.47. From the triangle ABC

0’)— 0.
tana:vref( z) vref( z) (996)

From the triangle DEF

V...
tane = — = D0 =2y, (9.97)

Equating Eqgs. (9.96) and (9.97), Ae; may be expressed by

Ae, = ( %{)(vref(e ;;P,t:ref( 01‘)) (9.98)

Substituting for v (@) = Vp psin(wt), k= %

(9.98), Ae; becomes

’nf’ and m, = VP, ref/ VP, cont in Eq

Ae; =

Z";“(sineg ~sin,) (9.99)

From the supplementary angle relation sinx = sin(7—x), Eq. (9.99) becomes

Tm\, . .
Ae; :( T )(sm@kﬂ_i* sin 0;)
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Figure 9.46 Illustration of two, three, and four PWM pulses per half-cycle.

and since 6,,, = 0

i app T Ae; , the general expression for the exact width is given by

0, = 77-7:“(sin 0, %(sin 0,—sinf, , 1)) (9.100)

An increase in the control frequency causes a decrease in the value of Ae and 0,,; .

Therefore, when the control frequency tends to infinity, the width of Ae tends to zero. It

can be shown that Ae decreases at a higher rate than does 0, ,,, -

N —a
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Figure 9.47 Symmetric pair of pulses about 7/2 .

EXAMPLE 9.9

Consider a full-bridge inverter with an R — L load with a sinusoidal PWM output voltage with

a reference frequency f, of 60 Hz, V., =280V, m, = 0.6, and m,= 24.

(a) Find the carrier frequency (triangular wave).

(b) Find the number of pulses per half-cycle.

(¢) Find the angles of intersection and the pulse widths in a half-cycle.

(d) Find the harmonic components.

(e) Find the total harmonic distortion.

SOLUTION

(@) f, = m X f, =24 X 60 Hz = 1.44 kHz

(b) k= 274 = 12 pulses

(c¢) The exact angles were numerically calculated using Mathcad as shown in the following table.

Starting angle 6; (degrees) Arriving angle 0; (degrees) Pulse width 6, ; (degrees)

6.955 8.137 1.182
20.895 24.364 3.469
34.926 40.419 5.493
49.099 56.242 7.143
63.474 71.773 8.299
78.093 86.994 8.901
93.006 101.903 8.897
108.226 116.526 8.300
123.759 130.901 7.106
139.582 145.076 5.494
155.644 159.104 3.460
171.863 173.045 1.182
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(d) Harmonic components, in volts:

v, = 167.931 v, =-0.019 V,, = 19.909
v, =-0.048 Vs = 0.085 V,, = 103.541
v, =0.127 V,s =-0.021 V,s =—-103.74
v, =0.03 V), =-0.071 V,; =-19.736
Vy=-0.118 Vo= 1058 V0 = —0.898

These values are plotted in Fig. 9.48.
Using the approximated width, we obtain the following, using MATLAB:

v, =167.742 v, =002 v, = 16.071
v, =0.769 Vs =-0.021 V,, = 108.129
V,=6917x10" V,s=8579%x10" V,s =-99.036
V,=7869%x10" V,,=-4769x10°  V,, =-23.464
Vy=-694x10" Vi = 0.564 Vo =—2.089

These results are plotted in Fig. 9.49.

(e) The total harmonic distortion is approximated by

THD = J%(Vfl + Vit Vag+ Vo + Vi) = 0.89
Vl

05 | P | N | Figure 9.48 Flrst 29
O e O 0 o s b >N harmomcsusmgexact
1 4 7 10 13 16 19 22 25 28 analysis for Example 9.9.

Figure 9.49 A spectrum
plot for the first 29
harmonics using the

1 4 7 10 13 16 19 22 25 28 approximate analysis.
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250
200
150
100

50

0 n  Figure 9.50 Uniform PWM

1 4 7 10 13 16 19 22 25 28 for Example 9.9.

If we compare the uniform PWM approach with the sinusoidal PWM approach, we can
notice a considerable reduction in the harmonic components. The next graph, Fig. 9.50, shows
a plot of the normalized magnitude of the harmonic components using uniform pulse-width
modulation with a modulation index of 0.6 for 12 pulses per half-period.

As we know, the inverter will produce a rectangular pulse waveform. To trans-
form the rectangular waveform generated by the switching process to an output wave-
form that resembles a sinusoid wave, we need to use a harmonic filter. A low-pass
filter can be used due to the high attenuation property without affecting the fundamen-
tal harmonic.

However, a perfect low-pass filter is impractical to realize, and the lower harmon-
ics that are close to the fundamental will affect our desired output. Therefore, we need
to maximally reduce the lower-order harmonics so the filter will allow the first har-
monic to pass in our variable-frequency output.

9.6 THREE-PHASE INVERTERS

Consider the three-phase full-bridge dc-ac inverter shown in Fig. 9.51. To obtain a set
of balanced line-to-line output voltages, the switching sequence of switches S-S
should produce a sequence of pulses whose summation at any given time is zero. As a
result, it can be shown that in a one-pulse phase voltage, the conduction angle is
/3. The switch numbering follows the sequence of switching. The bidirectional
switch implementation of S-Sy allows an inductive-load current flow.

Figure 9.52(a) and (b) shows two switching sequences for S-S, with each switch
conducting for 7 and 27/3, respectively. Both sequences produce a similar output
voltage. To avoid shorting the voltage source V., the switching sequence of S-S
must ensure that the S,-S,, S5-S¢, and S5-S, pairs are not switched on at the same time.

Figure 9.53(a) shows the circuit configuration for a three-phase inverter with a
wye load and splitting input capacitors. The inverters generate three-phase output
voltages. The switches are switched in such a way that the voltages v, and v, are
shifted by 27/3 . Figure 9.53() shows the three-phase output voltages v,, v;, and v,.
Figure 9.53(c) shows the three-phase line-to-line voltages v, v;., and v,,.

Figure 9.51 Three-phase inverter.
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Figure 9.52 Switching sequence. (¢) Conduction equals 7. (b) Conduction equal 27/3 .

2

>

>

|

|

|

|

|

|

l

| Figure 9.53 (a) Three-phase

e inverter with wye load.

Switches on [1,5,31,5,6/1,2,66,2,414,2,314,5,311,5,31 | (b) Phase voltage waveforms
i i P using switching sequence of

Q) Fig. 9.52(a).

Figure 9.54 shows another line-to-line voltage using the switching sequence of
Fig. 9.52(a). Three-phase inverters are also implemented by employing three single-
phase inverters as shown in Fig. 9.55. The transformers’ primary windings must be
isolated from one another, and the transformers’ secondary windings may be con-
nected in a delta or wye configuration.
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dc-ac A
+ a
—e
dc-ac B
Vac b } {
*— J

—e
- dc-ac ¢ . . .
c Figure 9.55 Three-phase inverter using three single-phase
dc-ac inverters.

27/3

Vab

Figure 9.56 « control in line-to-line phase
2m/3 voltage.

From Fourier analysis, v, is given by

oo

4V ni . T
V(1) = z dccos?smn(wﬂr E)

n
n=1305,..
o 4
vy (8) = Z m;i_c cos’%sinn(wt - g) (9.101)
n=1,3,5,..

oo

4V, T . T
V(1) = Z d cos’%smn(wt— F)

nw
n=1,3,5,..

Notice all triple harmonics (n = 3, 6,9, 12, . . .) are zero.
Similarly, the output voltage control can be implemented using three-phase in-
verters. Figure 9.56 shows one possible three-phase output under a control.

EXAMPLE 9.10

Consider the three-phase inverter circuit shown in Fig. 9.57 under an inductive-resistive load.
Sketch the voltage waveform for the phase voltages v,,, v,,, and v,, and line-to-line voltages
Ve Ve and v, using the switching sequence shown in Fig. 9.58(a).
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Figure 9.57 Three-phase inverter under an inductive-
resistive load.

Figure 9.58
(a) Switching sequence for
Fig. 9.57.

SOLUTION Figure 9.58(b) shows the three phase voltages v,,, v;,, and v,,. Figure 9.59 shows the

line-to-line voltages v, v;., and v,,.

Mode1: 0<wt< m/3. Ss S, and S are on. S,, Sy, and S, are off.

It can be shown that since the loads are the same, the pulse voltages are given by

1 2 1
Van = ngc ’ Vbn = _§ Vdc ’ Ven = §Vdc

The equivalent circuit for this mode is shown in Fig. 9.60(a).

The line-to-line voltages are given by

Vab = Vaer  Voe = Vaer  Vea =0

Mode 2: m/3<wt < 2w/3. S|, S,, and Sy are on. S;, S,, and Sy are off. The equivalent
circuit for this mode is shown in Fig. 9.60(d).
The line-to-line voltages are given by

Vab =Vaer Ve =0, veu =V

c ca

.
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)
Figure 9.60 (a) Equivalent circuit for mode 1. (b) Equivalent circuit for mode 2.

and the phase voltages are given by
— 2 Vdc _ Vdc — _Vdc

Van 3 ’ Vbn 3 ’ Ven 3

It can be shown that the remaining modes will produce the waveforms in Fig. 9.58(b) and Fig. 9.59.

EXERCISE 9.9

Sketch the load currents i, i, and i, for the three-phase inverter shown in Fig. E9.9. Assume
the device conduction sequence is as given in Fig. 9.58.

ERIEREE
434

R e Figure E9.9 Three-phase inverter for Exercise 9.9.

EXERCISE 9.10

Show that the fundamental components for the load currents in Exercise 9.9 are given by

4V
fgpy = dccos%rsin(wt+ 7/6)

R
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4V

ipey = 7(;%cosgsin(cot— 7/2)
4V
Qg1 = % cos Tsin(wt —77/6)
’ Rw 6

9.7 CURRENT-SOURCE INVERTERS

In the current-source inverter, the dc input is a current source regardless of the input
voltage variation. Practically, the dc current source is implemented using a large dc in-
ductor in series with the dc voltage source as shown in Fig. 9.61. The dc supply is of a
high impedance (because of the high input inductance). Since the dc inductance (Lg4,)
is large, /4, is nearly constant.

The output current waveform is determined by the circuit’s topology and switch-
ing sequence, while the output voltage waveform is determined by the nature of the
load. Loads with low impedance to the harmonics are normally used. Figure 9.62
shows a tall-bridge current-source inverter. The switches S;-S, are implemented using
GTOs and diodes; the SCR implementation is difficult in the current-source inverter
since the turn-off time is hard to set.

As with the voltage-source inverter, depending on the switching sequence of S,
S,, S5, and S,, two possible output currents may be obtained, as shown in Fig. 9.63 (a)
and (b). Figure 9.63(a) uses a 50% duty cycle, and the output current and its rms value
are controlled by varying the value of /.. In Fig. 9.63(b) the duty cycle is less than

Vdc —_— 4 Zin

Figure 9.61 Practical dc current source implementation.

oo
o—

Sy S

(1) '

S3 ﬁ[
Figure 9.62 Full-bridge current-source inverter.

o & lo &

+Id +[d
‘113 1.3 ¢ 1,3|1,4 2,3[1,3
> 1 - - > 1
; 172 4,2 T / T2 | 42| T
—de 4 — —tde 4+

(@) )
Figure 9.63 Possible output current waveforms.
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Al

noi,rms

14

1731
/51

> Figure 9.64 Frequency spectra for the normalized
rms current harmonics.

50%. There are three output states: +/4,, 0, and —/,.. In both cases, the output voltage
waveforms will depend on the nature of the load.
From Fourier analysis, the load current is given by

4l - -
i (1) = d“[sinwt+ Sm;"” i~ Sm}’z“”} n=1,3,57...  (9.102)
a

The fundamental component of i (¢) is given by

41,
T

i, (1) = —=sinwt (9.103)

The peak and rms values of the fundamental component are

. 414
lo1,peak — (9.104a)
214,42
o1 rms = a2 (9.104b)
: T
Let the normalized rms of the ith harmonic be given by
I _ [oi,rms .
no,rms 1= 1’3, 5,... (9105)
’ Iol,rms
Harmonics 1 3 5 7 9
1 1 1/3 1/5 1/7 1/9

no,rms

The frequency spectra for the normalized rms current harmonics are shown in
Fig. 9.64.

Consider the ideal current-source inverter shown in Fig. 9.65(a). Assume v, =
V,sin(wt + 0) and S-S, are switched according to the sequence shown in Fig. 9.65(b),
with a 50% switching duty cycle with no « control. By shifting S, to the left by e and
S5 to the right by a, we allow an interval during which the input current source is
shorted, as shown in Fig. 9.65(c).
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:
:

T

I Figure 9.65 (@) Ideal
current-source inverter

PROBLEMS

Half-Bridge and Full-Bridge Inverters

9.1 Derive Eq. (9.5), which gives the initial induc-
tor current in a half-bridge inverter under a resis-
tive-inductive load.

9.2 Repeat Exercise 9.2 by including the first,
third, and fifth harmonics.

9.3 Consider the half-bridge inverter and its
driven waveforms shown in Fig. P9.3 with the fol-
lowing inverter  parameters: V,; = 185V,
R=10Q,and f=60 Hz.

0 772 T
()

Figure P9.3

(a=0). (b) 50% switch
(a = 0). (c) Less than 50%
(© switch (a#0).

(a) Determine the average diode current for
L =1 mH, 5 mH, 10 mH, and 20 mH.

(b) As the load’s time constant increases with re-
spect to 7/2, what is the effect on the load’s har-
monics?

9.4 Consider the half-bridge inverter of Fig. 9.9
with the following circuit components:
V=408V, R=6€Q, and f=60Hz, and
L =20 mH.

(a) Derive the exact expression for i;.

(b) Derive the expression for the fundamental
component of ,(¢).

(¢) Determine the average diode and transistor
currents.

(d) Determine the average power delivered to the load.

9.5 Consider the full-bridge inverter shown in Fig.
P9.5(a) with the given parameters. Assume the
switching sequence of S-S, produces the output
voltage waveform shown in Fig. P9.5(b).

(a) Determine the expression for i,(¢) and sketch it.
(b) With S-S, replaced by a parallel combination
of switch and diode, find the peak and average
switch and diode currents.

(¢) Find the average power delivered to the load.
(d) Determine the fundamental and third har-
monic peak voltage. What is the percentage of the
third harmonic with respect to the fundamental?
(e) Repeat part (d) for L =50 mH, 100 mH, and
200 mH.
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Vdc
95
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16

—Vae

()

Figure P9.5

9.6 Consider the ideal dc-to-ac inverter shown in
Fig. P9.6. Assume §,-S, and §,-S; are switched
alternatively at a 50% duty cycle with a switch pe-
riod of 7. Let the output current be given by
i,(t) = Ipsinwt, where w =27/T.

(a) Derive the expression for the instantaneous
power delivered to the load.

(b) Determine the average power delivered to the
load.

(¢) Discuss the requirement for a practical switch
implementation for S;-S,.

(d) Repeat part (c) for i,(¢) = Ipsin(wt—6).

Figure P9.6

9.7 Consider the full-bridge inverter circuit with
an RLC load shown in Fig. P9.7(a). Use
L=42mH R=18Q, C=900uF, and
Vi =270 V. Assume the switch sequence of

S;-S4 produces the output voltage waveform
shown in Fig. P9.7(b). Determine the peak funda-
mental component for the load current #,(¢).

» wt

a Ta 2
W

(b)
Figure P9.7

9.8 (Approximation analysis for an RL load) Con-
sider the half-bridge inverter of Fig. 9.8(b) with an
RL load. Assume the load’s time constant, L/ R, is
longer than half of the switching period, i.e.,
L/R>>T/2, so that the third and higher har-
monics are neglected. Show that the average
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power delivered to the load is given by
P,..=|S|cosb
where |S| is the magnitude of the reactive power,
which is given by
8V?2
1S] = —% cos2a
2| Z|
0 = tan"!'(wL/R)

and

1z = JRZ+ (0L )?
9.9 Consider the switching RL circuit shown in
Fig. P9.9(a) with v, given in Fig. P9.9(b).
(a) Derive the expression for i;(¢) in terms of Vy,
and 7,, where 7, = 7/T = L/RT.

(b) Give the expressions for i;(0), i,(¢;), and
i;(T/2) interms of V4, and 7,.

(@)

(b)
Figure P9.9

Vo 4 ap a) asj
> +—> 4>

Vde

d- Bl »
< v 7r/|2 Sw/4 daif3
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Harmonics

9.10 Show that the harmonics for the generalized
squarewave with a pulse width equal to m—2«
and a delay angle « as shown in Fig. P9.10 is
given by

v, () = V;sin(wt) + Vysin(3wt) +
VisinS(wt) + -+ V, sin(nowt)
where
V,= jcosna

ni

Vo &

Figure P9.10

9.11 Consider the output voltage of an inverter
shown in Fig. P9.11 that uses « control to elimi-
nate two harmonics from the output.

(a) For B, =7/4, B,=7/3,and B, =37/4
find the fundamental, third, and fifth harmonics.
(b) Redesign the problem for o, a,, and a5 to
eliminate the third and fifth harmonics.

9.12 Consider an inverter circuit that produces the
stepped output waveform shown in Fig. P9.12. It
can be shown that by properly selecting «; and a,,
the third and fifth harmonics can be eliminated
from the output voltage. Determine «; and a, to
accomplish this.

117/12

Sw/4 Tml4

.

w4 /3

_VdC -

A
v

B3
Figure P9.11

) " 2m/3 3wld 77| |
B (m—B2)

137/12

T » w!
372 2
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@y

Ve L

Figure P9.12

@]

» wt
2w

Figure P9.14

9.13 Determine the THD for the stepped wave-
form shown in Problem 9.12 by using only up to
the ninth harmonic.

9.14 In a certain output voltage for an inverter, it
is desired to eliminate the third, fifth, and seventh
harmonics by controlling the switching sequence
of the power devices. The following equation was
obtained for the nth output voltage harmonic of
Fig. P9.14.

4V
v = dc

on (1 —cosnay + cosna, — cosnay)

ni

Determine «, ,, and o for a zero value of third,
fifth, and seventh harmonics. (Hint: Use a numeri-
cal solution method or an iterative technique.)

Uniform Pulse-Width Modulation
9.15 Derive the relation for 6, given by Eq.

(9.64),
=2

for the ith pulse in a k-pulse output.

9.16 Derive the expression given in Eq. (9.65),
which shows that the width of the pulse in a uni-
form PWM output is constant and is given by
Opiaen, = ™M,/ k.

9.17 Determine the rms value for a uniform PWM
inverter output with V. =260 V and m, = 0.8.

Determine the width of each pulse if the output
has 24 pulses per cycle.

9.18 Derive Eq. (9.75).

9.19 Repeat Example 9.8 for k=10 and
m, = 0.4. How does the THD compare to the
THD obtained in that example?

Sinusoidal Pulse-Width Modulation

9.20 Sketch the output voltage for the buck con-
verter whose output is modulated according to Eq.
(9.78). Assume Dy, =D_ .. =05, V;o=1V,
and f, =£./10.

9.21 Derive Eq. (9.88).

9.22 Derive the closed-form expression for 6,
given in Eq. (9.95).

9.23 Determine the approximate width of the
fourteenth pulse in a sinusoidal PWM inverter out-
put of Fig. 9.44 with £k = 18 and m, = 0.5.

9.24 Repeat Example 9.9 for m, = 1.0.

Three-Phase Inverters

9.25 The waveform shown in Fig. P9.25 repre-
sents one possible way to implement a line-to-line
output voltage in a three-phase inverter control. By
varying the angle «, the rms value of the output
can be controlled.

Show that the nth harmonic component for the
line-to-line voltage is given by
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Vab & 9.26 Derive the harmonic components for v, v,
@ and v, in Fig. 9.53(c).
Vie . .
9.27 One way to reduce the harmonics of a line-to-
- line voltage in a three-phase inverter is to produce an
0 | 2, ~ ¢ output waveform like the one shown in Fig. 9.54. De-
« N |_| |_| termine the nth harmonic component of v,
Vo 57 9.28 Derive the harmonic component for v, of
« Fig. P9.28. (Hint: See Appendix B.)
Figure P9.25 9.29 The equivalent circuit for a line-to-line volt-
age in a three-phase inverter is given in Fig. P9.29.
4 (a) Show that in the steady state the inductor cur-
V., =—V. (sinnlr - sin’g) rent at wt = 0 is given by
ab,n nar in 3 P
V -1/67,  -1/37, -1/27,
T « IL(O):*—dC(l—Fe ‘ ¢ )
(cosn(wt— —-— —)) 3R 1+ e V2%
3 2
and show that the total harmonic distortion is where
given by ;=T L T:27T
y " T RT’ w
THD? = . w (27 3.—a) .
8(sin(7/3) — sin(a/2))>?
Vab 4
Vae T
%Vdc T
%Vdc T —
0 p Py » Wi
—3Vac T
-2 Vae T
Ve T
Figure P9.28
ip
+
R
Q1
L
Vs A
Ve + ] ]
%Vdc
0 — T > ot
ly 1 2 4m/3 Smw/3 | 2w
“3Vdep 3T 5T
el L] ]
Figure P9.29




£
%@ | $ BatChapter9.fm Page 492 Friday, February 28,2003 3:11 PM

492 Chapter 9 dc-ac Inverters

(b) Show that the steady-state inductor current
value at wt = 7/3 is given as a function of /; (0)
as follows:

Vdc

y
I,(m/3)= ([L(O) - ﬁ)eq/w” + 3—}1;

Figure P9.30

(c¢) Determine the time at which the flyback diode
of S, stops conducting, assuming L = 12 mH,
R=18Q, f=400Hz,and V;, =260 V.

General Problems

9.30 Consider the single-phase ac controller
shown in Fig. P9.30, with the induction motor load
modeled by a resistor, inductor, and emf ac
source.

Assume the emf voltage, e (), is given by

e, (t) =V, sin(wt+6,)
and
v (¢) = Vsin(wt)

Here we assume that the source frequency and the
emf voltage frequency are equal. Also assume SCR,
and SCR, are triggered continuously at «; = 30°
and a, =330°, respectively. Use R =0.85 (),
L=102mH, V, =120V, w=2m(60), and
V,=285V.

(a) Sketch the waveform of i (¢) for the full cycle.
(b) Derive the expression of i (z) for the first
half-cycle.

9.31 Figure P9.31(a) shows a single-phase power
electronic circuit with an R — L load known as an
ac controller. These controllers are widely used in
single- or three-phase arrangements for various
residential and commercial applications such as
heating, motor speed control, and power factor
correction. A possible switch implementation is
shown in Fig. P9.31(b) with back-to-back SCRs to
produce bidirectional current flow and bidirec-
tional voltage blocking.

Discuss the operation of the circuit that produces
the output waveform shown in Fig. P9.31(c).

SCR,

(a) (&)

Figure P9.31 (a) ac controller with inductive-
resistive load. () SCR implementation.

9.32 (a) Show that if the exact expression for
i;(¢) is used in Fig. 9.9, then the fundamental
component is given by

i(t) =1, sin(wt+ 6)

where

4Vch4W2Tg(el/T"_e1/27")"'47727,%"‘ 1
L1 —

R 4m T2+ 1

6= tan*l[Zﬂ-Tne*VZTn - 2T :|el/(27'”)
T

n

(b) Show that the simplified expression when
L/R>>T is given by

4V 4 1

™ TR (ol

I, =
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Figure P9.31 (continued) (c¢) Output waveform.
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