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INTRODUCTION

In this chapter we discuss converter circuits that are used in power electronic systems to
change the system voltages from one dc level to another dc level. Once again, switching
devices will be used to process energy from the input to the output. Since the input here
is dc, which comes from a post-filtering stage, these devices are normally operated at
much higher frequencies than the line frequency, reaching as high as a few hundred kilo-
hertz. This is why such converter circuits are known as high-frequency dc-to-dc switch-
ing converters or regulators. The term regulator is used since the circuit’s main com-
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mercial application is in systems that require a stable and regulated dc output voltage.
Depending on whether or not an output transformer is used, high-frequency dc-to-dc
switching converters are classified as isolated or nonisolated. In this chapter and in the
next, the emphasis will be on the steady-state analysis and design of several well-
known second- and fourth-order dc-to-dc converters, each having its own features and
applications. We will consider those topologies that do not use high-frequency isola-
tion transformers as part of their power stage. Moreover, a large number of applications
require output electrical isolation and multiple outputs that cannot be achieved using
the basic topologies discussed in this chapter. The isolated and magnetically coupled
topologies will be discussed in Chapter 5. Such topologies are the most popular in the
power supply industry and are used in various types of electronic equipment whose de-
sign requires outputs with electrical isolation and multi-outputs.

4.1 POWER SUPPLY APPLICATIONS
4.1.1 Linear Regulators

A typical block diagram of a linear regulator power supply is shown in Fig. 4.1. The
front end of the linear regulator is a 60 Hz transformer, 7', used to provide input elec-
trical isolation and to step up or step down the line voltage, and this is followed by a
full-wave bridge rectifier to convert the ac input to a dc input by adding a large filter-
ing capacitor at the input of the linear regulator. This input to the linear regulator, Vi,
is unregulated dc and cannot be used to drive the load directly. Using a linear circuit
that provides a stable dc output regulates the dc voltage at the output, V.

For many years, most power supplies available in the market were of the linear
regulator type, in which a series-pass active element is used to regulate the output
voltage. In general, the active semiconductor element is used as a variable resistance
to dissipate unwanted or excess voltage. Such an arrangement results in large amounts
of power being dissipated in the active element, which can cause the efficiency to drop
to as low as 40%. Because of this low efficiency, linear regulators have not been used

Unregulated Regulated dc
Vs Vin ‘j{“ / dc output 2 : output
60/50 Hz o
input FllterTng
ac isolation transfer CanCIIOF
Bt l +
ac/dc Linear
rectifier Vin regulator Vo | Load
bridge - _
Controller
Viet

Figure 4.1 Typical block diagram of a linear regulator power supply.
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for medium- and high-power applications since the early 1970s, when switched-mode
dc-dc converters entered the marketplace. Despite the fact that linear regulators are
simple to use and provide tight control, good output voltage ripples, and a low compo-
nent count, their disadvantages are so numerous that their practical use is limited. Be-
cause of their high power losses, they suffer from high thermal dissipation, resulting
in low power density and low efficiency.

Figure 4.2 illustrates a simplified circuit to show how the series active element is
connected in a linear regulator. Vi, represents the unregulated input voltage, Vi, ces 1S
the excess voltage to be dissipated across the linear device, and V,, is the output volt-
age. Viyeess » Which is the difference between V;, and V,,, must be large enough to keep
the transistor in the linear active mode, acting as a variable resistor used only to ab-
sorb the difference in the voltage. This is why Vg, .. is considered one of the key de-
sign parameters of linear regulation. To illustrate how the linear resistor works, we
present a simplified topology showing the series element regulator in Fig. 4.3, where
Vs 1s generated by a zener diode, and R; and R, are used as a voltage divider. The
magnitude of iz determines how deeply the transistor is driven in the saturation re-
gion. The comparator is used to compare the output voltage with a fixed reference volt-
age. As the output voltage increases, the base current, i, decreases and the excess
voltage, v, increases, hence reducing the output voltage. Similarly, if the output
voltage decreases, the result is a reduced v and an increased output.

+ VExcess —

T
() g% 37
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o \ 4
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Figure 4.2 (a) Typical configuration for a series active element used in a linear regulator.
(b) Average voltage waveforms.

+ Veg —

Figure 4.3 Simplified representation of a simple series element regulator.
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4.1.2 Switched-Mode Power Supplies

.
VS m
-¥1Y7+ %:kjﬂ — —

The development of the power semiconductor switch made it possible for power
electronics engineers to design power supplies with much higher efficiencies com-
pared with linear regulators. Since transistors are used as switching devices, such
power supplies are known as switched-mode power supplies or simply switching
converters. In recent years, switching converters have become very popular due to
recent advances in semiconductor technology. Today switching devices are avail-
able with very high switching speeds and very high power-handling capabilities. It
is possible to design switched-mode power supplies with efficiency greater than
90% with low cost and relatively small size and light weight.

Unlike linear regulators, switching converters use power semiconductor de-
vices to operate in either the on-state (saturation or conduction) or the off-state
(cutoff or nonconduction). Since either state will lead to low switching voltage
or low switching current, it is possible to convert dc to dc with higher efficiency
using a switching regulator. Figure 4.4 shows a simplified block diagram for
a switched mode ac-to-dc power converter with multi-output application.
Compared with the block diagram of Fig. 4.2, a switching network and high-
frequency output electrical isolation transformer 7, are added. The objective is
to control the on time of the power devices to regulate the dc output voltage. The
post-filtering is used to reduce the output voltage ripple. This chapter will dis-
cuss the detailed power stage operation of the dc-to-dc block shown in Fig. 4.4
without including the high-frequency isolation transformer. Because of the regu-
lation method used, these converters are known as pulse-width-modulation
(PWM) converters.

Vi Unregulated v Regulated dc

A / dc input I : output

Filtering - ————————— -
capacitor : :_ -
® — Switching — —
S+ [ = L
l + || Energy network Energy ° e |l S o
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Figure 4.4 Block diagram of a switched-mode power supply with multiple outputs.
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4.2 CONTINUOUS CONDUCTION MODE

Steady-state analyses of the basic direct-connected second-order converters such as
the buck (step-down), boost (step-up), and buck-boost (step-up/down), and fourth-
order converters such as Cuk and SEPIC converters will be presented in this chapter.
Both the continuous and discontinuous conduction modes of operation, as well as
some nonideal effects will be included in the analysis. The steady-state analysis of
isolated or magnetically coupled converters (which are derived from these basic con-
verters) such as the flyback, forward, push-pull, half- and full-bridge, and Weinberg
converters will be discussed in Chapter 5.

First, we introduce the basic concept of a switched-mode circuit and the conversion
technique in switching converters. Consider the simplest switching voltage converter,
shown in Fig. 4.5. We assume that the switch is ideal and it is turned on at # = ¢, and turned
off at ¢, alternately as shown in Fig. 4.6(a), where f = 1/T is the switching frequency.

The waveforms for the output voltage, v,, and the output current, i,, are shown
in Fig. 4.6(b) and (c), respectively, where V;, is the dc input voltage. The average out-
put voltage is given by

o

_1 T+,
% _TL, vo(1) di

- “4.1)
1 J h 1~
=_| V,dt=
T to m T m
If we let D be defined as the duty ratio or duty cycle,
_ Ontime  _1i—1 4.2)
Switching period T ’
then the average output voltage, V,,, is given by
V,=DV,, 4.3)
EXERCISE 4.1
If the output ripple factor K|, . is defined by the relation
N Vg rms Vg
Ko, ripple = ————LTI;—{—_—
where V, ... and V, are the rms and average values of v, (7) , respectively, determine the out-

put ripple factor for Fig. 4.5.
1

ANSWER K, . = |51
iS iO

Figure 4.5 A simple switching circuit.
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Figure 4.6 Switching waveform for Fig. 4.5.

It is clear from Eq. (4.3) that the average output voltage is less than the applied
dc voltage. Assuming an ideal switch, theoretically speaking, the efficiency of this
converter is 100%. The drawback of this simple switching circuit is that the output
voltage is not constant, but a chopped dc with high ripple voltage. This results in
high harmonics being generated at the load. This will not be acceptable for an elec-
tronics load when the output must be regulated to a fixed dc level with little ripple.
However, in some application where a precise output voltage is not required, such
as heating, light dimming, electroplating, and mechanical applications, this simple
arrangement might be used, especially if the frequency is very high.

One approach to smooth the output voltage is to use a low-pass filter at the
output of the circuit in order to filter the high-switching-frequency components
of the output voltage. The filter may consist of a simple capacitor and inductor.
The capacitor is used to hold a dc value across the output resistor, and the induc-
tor is used within the circuit to serve as a nondissipative storage element needed
to store energy from the input source and deliver it to the load. It can be argued
that one single-pole, single-throw switch will not be sufficient to perform energy
processing from the input to the output; rather, two switches or a single-pole,
double-throw switch is required. This can be easily justified since the inductor
current cannot be instantaneously interrupted. When one switch is switched, re-
sulting in a sudden change in the inductor current, a second switch must be
switched so that the continuity of the inductor current is maintained. Hence, a
practical representation for a switched-mode converter must include either two
switches, as shown in Fig. 4.7(a), or a single switch, as shown in Fig. 4.7(b). The
inductor and capacitor elements are used as energy storage components to allow
energy transfer from the input to the output. The output capacitor forms a low-
pass filter to produce dc output voltage with little ripple. Most topologies, either
isolated or nonisolated, will consist of one inductor and one output capacitor—
hence the name second-order voltage converter. Fourth-order voltage converters
consist of two inductors and two capacitors, which are considered series or com-
binations of second-order converters.
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Figure 4.7 Typical block diagram representations for switching converters with (a) two
independent switches and (b) one single-pole, double-throw switch.

In second-order converters, depending on the arrangements of the switches and L,
three possible topologies can be obtained, namely buck, boost, and buck-boost, as
shown in Fig. 4.8. Since these switches cannot be turned on and off simultaneously,
single-pole, double-throw switches are used, which can be either on or off. In the fol-
lowing sections these converters will be thoroughly analyzed by deriving their steady-
state characteristics. Since all switched-mode converters have pulsating currents and
voltages, the dc output voltage can be obtained by adding a low-pass filter. It will be
shown that in most of these converters an LC-type low-pass filter section is present. In
fourth-order circuits like the Cuk and SEPIC, multiple LC low-pass filter sections are
added.

(b) (c)

c
(d)

Figure 4.8 (a) Three possible ways to insert a low-pass LC filter between a dc source and a
capacitive load: (b) buck converter, (c) boost converter, and (d) buck-boost converter.
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EXAMPLE 4.1

Consider the simple PWM converter of Fig. 4.5 with V;, =28 V and f, = 50 kHz . Assume
an ideal switch.

(a) Design for D and R so that the power delivered to the load is 25 W at an average output
current of 1.5 A.

(b) Find the output ripple factor.
(¢) Find the converter efficiency.

SOLUTION

(a) For 25 W average output power and average output current of 1.5 A, the average output
voltage is given by

P
y=0=2 167V

I, 15

The load resistance is
rR=17-11130
L5
For V,=16.7V and V;, = 28 V, the duty cycle is
p=187_0¢
28

(b) The rms value for the output voltage is

V,ms = DV, =21.69 V

0.

_ [21.692-16.7% _
K(),I‘ipple - T - 0.83

This circuit results in 83% output voltage ripple, which is by no means acceptable in many dc
power supply applications.

The ripple factor is given by

(¢) Since the switch is ideal, the converter efficiency is 100%, which can be illustrated as follows.
The average output power is given by

and the average input power is given by

1 (T, . VinrpT, .
Pin = iJO Vinlin dr = —Y{JJO Lin di
V. V.
= ﬂJDTAlo dr = == JDTJVO dt
T,)o T.R)o
— D in
R

As expected, the average input and output powers are equal.
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EXERCISE 4.2
Repeat Example 4.1 by assuming the switch has a 1.8 V voltage drop across it when conducting.

ANSWER 0.64,0.75, 93.6%

4.2.1 The Buck Converter
Topology and Basic Operation

Figure 4.9(a) and (b) shows the circuit configuration for a buck converter with a single-
and two-switch implementation. Figure 4.9(c) shows the transistor-diode implementa-
tion. This topology is known as a buck converter because it steps down the average output
voltage below the input voltage.

Throughout this chapter to obtain the steady-state characteristic equations, we will
assume that power switching devices and the converter components are lossless. More-
over, the exact steady-state analysis of these converters requires solving second-order
nonlinear systems. Such analysis is complex and because of the nature of the output
voltage, it is not necessary. Since these converters’ function is to produce dc output, the

v
v

) On < Off »> On
10 DT T
| |
| |
I« T >
(d)

Figure 4.9 The buck (step-down) converter. (a) Two-switch implementation. (b) Single-pole,
double-throw switch implementation. (¢) Transistor-diode implementation. (d) Switching
waveform for the power switch.
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output voltage v, (¢) consists of the desired dc and the undesired ac components. Prac-
tically, the output ripple due to switching is very small (less than 1%) compared to the
level of the dc output voltage. As a result, we will assume the output ripple voltage is
small and can be neglected when evaluating converter voltage gains, i.e., v, = V,. In
other words, the ripple-free output voltage assumption is made since the output time
constant for the filter capacitor and the output resistor, RC, is very large. Moreover, the
analysis will be based on the converter operating in the steady-state condition, i.e., the
converter currents and voltages have reached their steady-state values. These assump-
tions can be summarized and represented mathematically as follows:

1. Since we assume lossless components and ideal switching devices, the average
input power, P;,, and the average output power, P, are equal:
Py, =P, (4.4)

2. Since we assume steady-state operation, the inductor current and the capacitor
voltage are periodic over one switching cycle, i.e.,

i,(ty) = i, (tg+T) (4.5a)
v(ty) = vulto+T) (4.5b)

where ¢, is the initial switching time and 7 is the switching period.

3. Since we assume ideal capacitors and inductors, the average inductor voltage
and the average capacitor current are zero:

1 T+1, .
=1 J i.() dt=0 4.6)
fy
1(T+1
vi=1 J v, () dt =0 “.7)
Iy

In fact, Eq. (4.7) is a representation of Faraday’s law, which states that voltage
time during charging equals voltage time during discharging. This is also known as
the volt-second principle. These two relations suggest that the total energy stored in
the capacitor or the inductor over one switching cycle is zero. Finally, throughout the
analysis in this chapter, the typical switching waveform for the power devices given
in Fig 4.9(d) will be used to represent the switching action of the power switch. For
simplicity we set the initial switching time to zero, 7, = 0.

Again, D is known as the duty ratio or duty cycle, defined in Eq. (4.2). The power
transistor is turned on for a period of DT and turned off for the remaining time
(1-D)T. Depending on whether the switch is turned on or off, the inductor current
will be either charging through V., or discharging through the diode, respectively. As a
result, there are two modes of operation. We first consider mode I, when the switch is
on, shown in Fig. 4.10(a).

As shown in the figure, when the switch is on, the input voltage, V;,, forces the di-
ode into the reverse bias region. To determine the voltage conversion ratio, the aver-
age input and output currents, and the output voltage, we use the inductor current as a
state variable in the following equation:

Vin =V + Vo
di, (48)

=L-Lt+v
dt 9
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+

(®)

Figure 4.10 Equivalent circuit modes for the buck converter. (a) Mode 1: The power switch is
on. (b) Mode 2: The power switch is off.

Equation (4.8) can be rearranged as follows:

di; 1
— =—(Vi,-V, 4.9
- =7(Via=V,) 49)

Integrating Eq. (4.9) from ¢ = 0 to ¢ with /;(0) as the initial condition, we obtain
. 1
i(t) = Z(Vm— V)t +1;(0) (4.10)

Equation (4.10) suggests that the inductor current charges linearly with a slope of
(Vin—V,)/L, where I;(0) is the initial inductor current value at t = 0, when the
switch is first turned on. This equation applies as long as the switch is on. However,
the equivalent circuit model changes when the power switch is turned off at t = DT,
resulting in the equivalent circuit of mode 2 shown in Fig. 4.10(b), during which the
diode is conducting.

As shown in Fig. 4.10(b), in order for the inductor current to maintain its continu-
ity, the diode is forced to conduct by becoming forward biased so that the diode “picks
up” the current in the direction shown. The diode is known as flyback or free-wheeling
because of the manner in which it is forced to turn on. The resultant equation that de-
scribes mode 2 operation is

dip 1

o 7 v, 4.11)
Integrating both sides of Eq. (4.11) for = DT with i;(DT) as an initial condition, we
obtain

i,(1) = —%’(I—DT) +1,(DT) 4.12)

where I; (DT) is the initial inductor current when the switch is first turned off.
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Equation (4.12) suggests that the inductor current starts discharging at t = DT
with the slope of —V /L, as shown in Fig. 4.11(a). In steady-state operation we have
1;(0) = I(T) (4.13)

Evaluating Eq. (4.10) at t = DT and Eq. (4.12) at t = T and using Eq. (4.13), we ob-
tain the following two relations for /;(0) and I;(DT):

1(DT) = %(Vin _V,)DT+1,(0) (4.14q)
1,(0) = _%'(1 _D)T+1,(DT) (4.14b)

The steady-state current and voltage waveforms are shown in Fig. 4.11. I; .. and I} ..
are the inductor current values at the instants the switch is turned off and on, respectively.

Voltage Conversion

Next we use the preceding relations to derive expressions for the voltage conversion,
and average input and output currents. From Egs. (4.14) we obtain

\%
-2 =D 4.15
- (4.15)

m

iL
Ipmax =1L.(DT)
1

o

Tpmin=17(0)

v
~

v
~

v
~

v
~

| : Figure 4.11 Steady-state
| I waveforms for the buck
! | converter: (a) inductor
! , current, (b) inductor voltage,
Lmin 1, ‘l/ DT \}V (c) input current, (d) diode
current, and (e) capacitor
(e) current.

\
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Hence, the maximum output voltage gain is 1. We should point out that Eq. (4.15) can
be obtained easily by using the volt-second principle across the inductor, which is
given as follows:

Mode 1 Mode 2
(interval DT) (interval (1 - D)T)

(Inductor voltage)(time) + (Inductor voltage)(time) =0
vi(t) DT+ v (1)(1-D)T =0 4.16)

where v; equals (V;,—V,) and -V, during time intervals DT and (1-D)T,
respectively.

We can make two observations on the buck voltage gain equation V, = DV, .
First, since all the converter components (L, C, D, Q) are ideal, they don’t dissipate
any power, resulting in 100% voltage efficiency. Second, the average input and output
voltage ratio has a linear control characteristic curve, as shown in Fig. 4.12. By vary-
ing the value of the duty cycle, D, we can control the average output voltage to the
desired level.

Average Input and Output Currents

The input current, #;, as illustrated in Fig. 4.11(c), with an average value of I, is
given by

17,
L=1 J i (1) dr 4.17)
T 0

Since i;,, = i; in mode 1, we substitute for i;(f) from Eq. (4.10), and by evaluating the
integral between ¢ =0 and ¢t = DT, we obtain

I, = 2iL(vin _V)D2T+1,(0)D (4.18)
Using Eq. (4.14b), we obtain

Iin = (ILmax + ILmjn)D (4-19)

1

2

where [;.. and Iy represent [;(DT) and I;(0), respectively.
Similarly, by inspection, the average output current is given by

Lnin+1
1, =1, = o e %0 (4.20)

VolVin &

14+

0.5 +

, , » p Figure 4.12 Ideal output control characteristic
0.5 1 curve for the buck converter.
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From Eqgs. (4.14) and (4.20) we can solve for the maximum and minimum inductor
currents, to obtain

1,0-D)T
Lo = Dvin(l-e + %} 4.21)
1 (1-D)T
Ipin =D Vin(l—e - %} (4.22)
Substituting these equations in Egs. (4.19) and (4.20), we obtain
DV,
10 — Rln
D2V,
Iil’l = R =
Hence, the current gain is given by
I, 1
L =— 4.23
1. D (4.23)

From Eqgs. (4.15) and (4.23), it is clear that the current and voltage relations for
the converter are equivalent to a dc transformer model with a ratio of D, as shown in
Fig. 4.13. The sinusoidal curve and straight line drawn across the transformer wind-
ings indicate that the transformer is capable of transferring ac and dc, respectively.

Critical Inductor Value

It is clear that for /; ., # 0, the converter will operate in the continuous conduction
mode (ccm). To find the minimum inductor value that is needed to keep the converter
in the ccm, we set [; ;. to zero and solve for L:

1 (1-D)T
T min = DVin(I_e_ QTL] =0
Ly = (I_TD)TR 4.24)

Figure 4.13 Equivalent circuit representation for the
buck converter, referred to as a de-dc transformer.
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where L, is the critical inductance minimum value for a given D, 7, and R before the
converter enters the discontinuous conduction mode (dcm) of operation.

Output Voltage Ripple

Since we have assumed that the output voltage has no ripple, the entire ac output
current from the inductor passes through the parallel capacitor, and only dc cur-
rent is delivered to the load resistor. In practice, the value of the output capacitor
is an important design parameter since it influences the overall size of the dc-to-
dc converter and how much of the switching frequency ripple is being removed.
Having said that, it is design practice to choose a larger output capacitor in order
to limit the ac ripple across V,. Theoretically speaking, if C —> o<, the capacitor
acts like a short circuit to the ac ripple, resulting in zero output voltage ripple. If
we assume C is finite, then there exists a voltage ripple superimposed on the aver-
age output voltage. In order to derive an expression for the capacitor ripple volt-
age, we first obtain an expression for the capacitor current, which is given by the
following relation:

i(t) =i (-1,
As aresult, the initial capacitor current at = 0 is given by
1.(0) = 1,(0)~1,
_ Mpmax = i
2
and atr = DT,
1.(DT) = 1,(DT) -1,

ILmax_ILmin)
= + —_—
(=3

The resultant capacitor current and voltage are shown in Fig. 4.14.

0 pr br 14D T

Figure 4.14 Capacitor current and voltage waveforms.
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The instantaneous capacitor current can be expressed in terms of Al from
Egs. (4.21) and (4.22), as shown in the following equations:

Lo I .
i (1) = Mo ~Timing Lo =Timin _ AT, AL ooy o pr (4050

DT 2 DT 2
lc(t) — _IL(HiaX__DI;;nn(t_DD + ILmax;ILmin
-Al Al
= -DT)+= < DT 4.25b
(1_D)T(t )+3 0<t< (4.25b)

where Al = (V,,(1-D)TD)/L.
From the capacitor voltage-current relation, i, = C(dv./dt), the capacitor volt-
age, v, (1), can be expressed by the following integral for 1> 0:

vy (1) = é J "i di+V,(0)
0

where V,.(0) is the initial capacitor voltage at ¢+ = 0. Substituting for i.(¢) from
Eq. (4.25a), we obtain the following equation:

t
Vo (1) = éj (é—;t—%l) di +V.(0)
0

Evaluating this integral yields
2
V() = =—==—-=—=t+V.(0) 0<t< DT (4.26)
Similarly, for ¢ > DT, the capacitor voltage is given by

O é J " i dt+V.DT)
DT

where V,.(DT) is the initial capacitor voltage when the switch is turned off at
t = DT . From Eq. (4.27) v,(t) is given by

—Al (t—DT)? Al 3
D7 2 tact PDHVUDD DT<t<T  (427)

VCZ(I) =

Since the capacitor voltage is in the steady state, we have v (¢t =DT) =
veo(t =DT) and v.(0) = v,(T), resulting in the following boundary conditions
for the capacitor voltage:

V(T) = V(DT) = V,(0)

Since the average capacitor voltage is V,,, then we have in general
1l ¢pr T
V=2 J v, (1) dt +J Vo) dt
0 DT

Substituting for v.; and v, from Egs. (4.26) and (4.27), we obtain

y = AL

f 12C(l -2D)T+V,.0) (4.28)

—®
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Substitute for Al = (DV,,(1-D)T)/L in Eq. (4.28) to yield

V.(0) =DV, [1 —-Lﬂl%iclgiﬂ (4.29)

Hence, the capacitor initial values at t =0 and ¢ = DT are equal, as expected since
the capacitor current is symmetrical. Since the peak capacitor voltage occurs when the
inductor current is zero, we have the capacitor minimum voltage occurring at
t = DT/2, which is obtained from Eq. (4.26):

- L3I ST

¢, min
CjDT 2C\ 2 (4.30a)
1
= _Mpr
o +V.(0)

and the maximum capacitor voltage occurring at ¢t = (1 + D)T/2 as obtained from
Eq. (4.27):

_ Al (1+D) AI((1+D)
Ve max 2C(1—D)T( 3 - DT) 2(:( 3 - DT)H/(DD

\ (4.30D)
_ Al
= %(1 -D)+ V(D7)

Substituting for V.(0) from Eq. (4.29) and using Al = (DV,,(1-D)T)/L, it can be

shown that V,_ ‘and V. max are expressed as follows:
1-D)(2-D

V, min = Vo[l _(1=D)2-D) ; 4)(CL )TZJ 4.31a)

=v,[1 L——TZJ 431b

=V (@310)

Hence, the variation in the capacitor peak voltage is given by
AV, =V, x = Ve

¢, min

and from Egs. (4.31) we obtain

AV, = e (1_p)

8LCf?
Sometimes it is useful to express the ratio of the ripple to the output voltage,
A -
Ye_1-D (4.32)
Vo  8LCf?

This term is known as the output voltage ripple and represents the regulation. As ex-
pected, when the filtering capacitor and the frequency increase, the voltage ripple
decreases.

Using Capacitor Charge to Evaluate AV,

Another useful way to evaluate the expression for AV, without having to obtain the
exact expression for v.(¢) is to use the total charge, O, deposited on the capacitor cur-
rent interval. Figure 4.14 shows the waveform for i. and v, with areas of positive

g
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charge (+) and negative charge (—). Because of waveform symmetry, t = DT/2 and
t =(1+D)T/2 represent the i. zero crossing times when the capacitor voltage is
minimum, V, .., and maximum, V, ..., respectively. Hence, the capacitor voltage

ripple is AV,. The total charge stored in the capacitor between ¢ = DT/2 and
t =(1+D)T/2 is obtained from the following equation:

dQ _ dv,
e = =<
dt dt

So the total charge QO between capacitor current i. zero crossings (DT/2<t <
(1+D)T/?2) is given by

AQ = CAV, (4.33)
However, since the total charge is related to the current according to the relation
i = d_Q
dt

then we have

AQ =L

1 (1+D1/2
T/ ZJ i dt = Area under the curve

DT1/2

1{1+D.,, D\1
=127 _Z7|2 4.34
2( 5 T ZT)ZAI (4.34)

From Egs. (4.33) and (4.34), we obtain

T
AV, = =AI
< 8C

Substituting for Al = (DV,,(1 - D)T)/L, we obtain

AV, _ 1-Dp

Vo 8LC (4.35)

1-D
8LCf?

EXAMPLE 4.2

Consider a buck converter with the following circuit parameters: V,, =20V, V, =15V, and
I1,=5 A, for f= 50 kHz. Determine: (a) D, (b) L , (¢) maximum and minimum inductor

currents for L = 100L, , (d) average input and output power, and (e) capacitor voltage ripple

for C =047 uF.
SOLUTION
(@ D=0.75

(b) Using R =3 Q and T =20 us, the critical inductor value is given by

Ly = (L—;—Q)TR =75 uH

—®
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(¢) For L = 100L_,, = 750 uH = 0.75 mH , we have

crit

1 1-D)T
Fiia = DVal =157 )
= (0.75)(20)@ ~333x% 10—3)
I pin = 495 A

Iy = (0.75><20)@ +333x 10—3)

I =505 A

Lmax
(d) Since it is an ideal converter, the average output and input powers are given by
P,=P,=V,I, =(15)(5)=75W

(e) The capacitor voltage ripple is given by

AV, 1-D
V, 8LCf?
_ (1-0.75)
8(0.75 mH)(0.47 uF)(50 x 103)2
AV

—2=0.035=35%
V

o

EXAMPLE 4.3

Design a buck converter with the following specifications: AV,,/V,=0.5%, V,, =20V,
P,=12W, f=30kHz,and D=04.

SOLUTION In order to design this converter, we need to calculate the values for L, C, and R.
The output voltage is given by

V,=DV, =8V
Hence, the output current is
P
I,==—==15A
The output resistance is
rR=2 =5330
1.5
The critical inductance for ccm is given by
1-D
L= 5 TR
—[1=04)_ 1 533
2 30x 103
=533 uH

g
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Let us select L = 600 wH. Based on this value, the maximum and minimum inductor currents
are given by

I

Lmax

=DV. (l_,_(l —D)T)
"R 2L

- (0.4)(20)(5%)§ + 0.0167)

=163 A

1
I, .. = (04)(20) —= -0.0167
Lmin ( )( )(533 )

=137A
The ripple voltage is given by
A -
Yo 1D _ 005
V, 8LCf?
Solving for C,
__1-D
(8Lf?2)0.005
C=2778 uF
EXERCISE 4.3

Redesign Example 4.2 to achieve an output ripple voltage not to exceed 1% and an inductor
current ripple not to exceed 10% at the average load current.

ANSWER 0.15mH, 8.33 uF, 3 Q)

EXERCISE 4.4

Determine the diode and transistor average and rms current values for Exercise 4.3.

ANSWER 125A,375A,25A,433A

EXERCISE 4.5
Show that the expression for the peak capacitor voltage at 1 = (1 + D)T/?2 is as given by Eq. (4.31b).

4.2.2 The Boost Converter
Basic Topology and Voltage Gain

Other possible switch and transistor-diode arrangements are shown in Fig. 4.15(a)
and (b), respectively. This topology is known as a boost converter since the output
voltage is higher than the input, as will be shown in this section.

g
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Figure 4.15 Boost converter. (a) Two-
switch implementation. (b) Transistor-
diode implementation.

Similar to the case for the buck converter, we assume all the converter compo-
nents are ideal and the transistor switching waveform is as shown in Fig. 4.9(d).
When the switch is turned on, the equivalent circuit of mode 1 is shown in
Fig. 4.16(a). This is a charging interval, and the voltage across the inductor is V,,,
and #; () is given by

i(1) = %Vint+IL(0) 0<t< DT (4.36)

where 1;(0) is the initial inductor current value at + = 0.When the switch is turned
off at t = DT, the resultant equivalent mode 2 circuit is shown in Fig. 4.16(b).
The inductor voltage is Vi, —V,, and i;(¢) is given by

i(1) = %(Vm— V)(t-DT)+I1,(DT)  DT<t<T 4.37)
L

(a)

Figure 4.16 Equivalent circuit modes
for the boost converter. (@) Mode 1: The
switch is on. (b) Mode 2: The switch

(b) is off.
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Evaluating Eqgs. (4.36) and (4.37) at t = DT and t = T, respectively, and using the
fact that I; (T) = I;(0), we obtain

L,(DT) - L,(0) = [%Vin(DT) (4.384)
1,(DT) = 1(0) = 1 (Viy= V,)(1 - D)T (4.38b)
From Eqgs. (4.38a) and (4.38b), the resulting voltage conversion is given by
|4 1
L= 4.39
V. 1-D ( )

m

Hence, the voltage gain is always greater than 1. Also from Egs. (4.38), the inductor
ripple current is given by

AT =1,(DT) - 1,(0)
= L Lmax = Lpmin (4.400)

= %VmDT

Substituting for V;, from Eq. (4.39), we obtain
Al = % V,D(1-D)T (4.40b)

Key current and voltage waveforms are given in Fig. 4.17.

Average Input and Output Currents

The input current is the same as the inductor current as shown in Fig. 4.17(a). Hence,
the average input current by inspection is given by

I, = D L ; Lo (4.41)

The average output current is the same as the average diode current and is given by

1 I .
I, = (_Lm_axgﬂlj(l -D)= % (4.42)

Since we assume an ideal converter, the average input and output powers must be
equal. Using Egs. (4.41) and (4.42), we get

VinIin = Volo
resulting in
1 in V() 1
L=_2=_—_ 4.43
1, VvV, 1-D (443)

As with the buck converter, the input-output current and voltage ratios are equivalent
to a dc transformer with a transformer mode ratio equal to 1/(1 — D), as shown in
Fig. 4.18.

—®
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iL

I (DT)

1;(0)

v
~

v
~

(Vo= Vi) +
(b

1.bT) :_ l\(
|
———————————————— -—=1,
t

v

v
~

Ly (1-D):1 1,
[0 » » o}
+ [} [ ] +
Vin Vo
[o o

Figure 4.18 Equivalent transformer circuit representation for the boost converter.

Using Egs. (4.38) and (4.42), we can solve for the maximum and minimum induc-
tor current values:

— _ 1 DT
1O = L = Vil 57 5~ 51 ) (4440)
- _ 1 DT

.
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For positive values of I;.. and I; .., the converter will operate in the continuous
conduction mode. To solve for the minimum critical inductor value that will keep the
converter in the ccm, we set 7., to zero:

ILmin =0
Under this boundary condition, the critical inductor value is given by

L = %T(l -D)?D (4.45)

Output Ripple Voltage

It is clear from Fig. 4.17 that when the diode is reverse biased, the capacitor current is
the same as the load current. Since we assume the load current is purely dc, the
capacitor current is given by

i.=-1, 0<t< DT

i,=i,—1, DT<t<T

The capacitor current waveform is shown in Fig. 4.17(d) and redrawn in Fig. 4.19
along with the capacitor voltage waveform. Mathematical expressions for i, can be
obtained directly from this figure.

The current i (f) is expressed mathematically as

Al

ic(t) = _(1 —D)T

(t-DT)+1(DT)  DT<i<T (4.46)

Iimax=lo F=========71 \
Imin—lo oo __TS

» 1
0 DT T
710
| |
| |
| |
() | !
A | |
| |
| |
Vo(0) heo———————- E L
‘ ' ! 1,DT
Vor———- - 4|- —————————— : AV,.= -
VuDT) f-—==—== =1

)
«

0
DT T

Figure 4.19 Capacitor current and voltage waveforms for the boost converter, assuming
I Lmin >1 [

—®
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where I.(DT)is the initial i.(¢) at t = DT . The capacitor voltage for 0<¢ < DT is
given by

vo(f) = at 1, dt + V,(0)
0 (4.47)
= I"t +V.(0)
oy,

where V.(0) is the initial capacitor voltage at t = 0.
At t = DT we have

I
V.(DT)=- EO‘DT+ V.(0) (4.48)
Since the average capacitor voltage is V,,, we can solve for V.(0) and V,.(DT') as follows:
1,DT
V.(0)=V, + "2 C
DT (4.49)
VC(DT) = Vo_ 02C
and the capacitor voltage variation is given by
1,DT
AV, =V, (0)-V.(DT) = OC (4.50)
For DT <t < T the capacitor voltage is given by
_ 1 (T —AJ
v(t) = = —————(t-DT)+1.(DT)|dt + V.(DT)
C (1-D)T
DT | (4.51)
= ___AI_(t_DT)z_,_IC(DT)(—_D)_T+ V.(DT)
2C(1-D)T C
The output ripple voltage is given by
DT V.DT
AV, =|AV] = Iof = 10?C
Then the voltage ripple is given by
AV, _DT
Vo RC (4.52)
_D
RCf

EXAMPLE 4.4

Sketch the current waveforms for i, , i;,, ip, i,, and i, for the boost converter with the fol-

lowing parameters: L =18 mH, V;, =50V, V,=120V, R=20 Q, C =147 uF, and

f=15kHz . Also sketch the voltage waveforms for v; , v, , V., and vj.

SOLUTION In order to sketch the waveforms, we need to find D, the maximum and minimum inductor
currents, and the average output current.
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The duty cycle is given by

which yields D = 0.58
Using R =20 Q) and T = 66.67 ws, the maximum and minimum inductor currents are

given by
1 DT
I =Vl ———= 1494 A
Lmax m((l —D)ZR 2L )
and
1 DT
I ——————— 13.86 A
Lmin — 1n((1 D)ZR ZL)

The average input and output currents are given by

I +1
Im_Tme_ 14.4 A

1,=1,(1-D)=
The capacitor peak currents are given by

L = L — 1, = 8.94 A

cmax
Icmin = ILmin_Io =736 A

Hence,

Al =(I 1.074 A

cmax — c min )

Notice this value must be equal to A7, .
The capacitor voltage is given by

V()] =120V
_[0
VD) oy = DT +120V

_-595A
147 uF

(0.58)(66.67us) +120 V= 11843 V

Hence, the ripple is 1.57 V.

EXAMPLE 4.5

Design a boost converter with the following specifications: P,=27W, V, =40V,
Vin =28V, AV /V =2%, f,=35kHz.

SOLUTION First let’s determine the duty cycle, D:

v,
D=1--2=1_-28_03
% 40

o

For continuous conduction mode, the inductance minimum value is given by

L (1 D)2D

Crlt
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where
T=2857 s
VZ
R=-2=00"_5956 0
P 27

Loy = 12444 uH

We choose L =200 wH since L should be greater than L,
The output ripple voltage is

it for ccm operation.

AV D

4

Vo RGP

0.3
(59.26)C(35 kHz)

C=1723 uF

0.02 =

EXERCISE 4.6

Determine the average and rms current values for the diode and transistor in Example 4.4.

ANSWER 84A,11A,6A,9.28 A

4.2.3 The Buck-Boost Converter

The third possible converter type is obtained by interchanging the diode and the in-
ductor of the buck converter to realize the design of Fig. 4.20. This converter is
known as a buck-boost converter since its voltage gain can be less than, equal to, or

(@)

C
1\ * Figure 4.20 Buck-boost converter.
. . (a) Switch implementation. (b) Transistor-
(b) diode implementation.

>
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greater than 1. Unlike the buck and boost converters, this converter gives a negative
output voltage when used without isolation.

In this analysis, we follow assumptions made in performing the steady-state anal-
ysis for the buck and boost topologies. When the switch is on, the diode is reverse bi-
ased with the equivalent circuit of mode 1 as shown in Fig. 4.20(a); Fig. 4.21(b) gives
the equivalent circuit for mode 2 when the transistor is off.

‘When the transistor is turned on, the inductor current starts charging from the source
voltage, Vi, while the diode D is reverse biased. The voltage across the inductor is V;,,
and i; is given by

i1(1) = Vi) +1,(0) 453)

where [;(0) is the initial inductor value that corresponds to the minimum inductor
current value. Evaluating Eq. (4.53) at t = DT, when the switch is turned off, we ob-
tain the maximum inductor current. This yields the following relation:

1

I o — Lrmin = ZVinDT 4.54)

Similarly, in mode 2 the inductor current is given by
i(t)= —%(t—DT) +1;(DT) (4.55)

Evaluating Eq. (4.55) at + = T, and since we assume steady-state operation, we use
1;(0) =I;(T) to obtain

1,(0) = VI”(T—DT) +1,(DT) (4.56a)

v,
I max = Lpmin = f(l -D)T (4.56b)

Equating Egs. (4.54) and (4.56b), we obtain the following voltage conversion ratio:

D
= (4.57)

m

It is clear from this equation that the output voltage can be either smaller or greater
than the input voltage:

D>0.5 Boost

D <05 Buck
D=0.5 Unity gain

(a)

Figure 4.21 Equivalent circuits. (@) Mode 1: The transistor is conducting. (b) Mode 2: The
transistor is not conducting.

—®
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Figure 4.22 Current and voltage waveforms for the buck-boost converter.

Figure 4.22 gives typical current and voltage waveforms for the buck-boost
converter. From Fig. 4.22, it is clear that the average input current is given by

I I}
I, = WID (4.58a)
and the average output current is given by
I I}
1= W(l _D) (4.58b)
Since the conservation of power must hold, we use I, V;, = 1,V to obtain
1 in V() D
2=t =_— 4.59
I, V, 1-D (459

1

To solve for ;.. and I; .. in terms of the converter components, we substitute
for I, =V,/R. Hence, from Egs. (4.56) and (4.58b) we obtain

D DT}

IR (4.60a)

ILmax = Vin|:

—®

.
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D D

RCDR a1 (4.60b)

ILmin = in|:
The critical inductor value that keeps the converter in the dem mode can be obtained
by setting /;,.;, = O in the above equation to yield
_ D)2
1. = RI(-D)

4.61
crit 2 ( )

We notice that for the same frequency of operation and load resistance, the buck
converter has the highest critical inductor limit when compared to the boost and buck-
boost, whereas the boost converter has the smallest L , resulting in a wider range of
inductor design.

Output Voltage Ripple

It can be shown that the capacitor current of the buck-boost converter is the same as
that of the boost. Hence, the capacitor voltage is given by

INAGERC
4.62)
AV, _DT_ D
V, RC RCf

EXAMPLE 4.6

(a) Sketch the current and voltage waveforms for a buck-boost converter with the following
parameters: V,, =40 V,V, =60V, D =06, R=20Q, L="750 uHand T, = 200 us.
(b) Find the rms value for i,..

SOLUTION
(a) Let T=200 us.

V. 40
—in 14+ =
1+ 50
D - DT
1 Lmax Vm 2 + Vm
R(1-D)2 2L
_ _40(0.6) , 40(0.6)(200us) _
20(1-0.6)2  2(750uH)

10.7 A

,__VuD VDT
tmin = R(1-D)2 2L

40(0.6) _ 40(0.6)(200 us) _ 4
20(1-0.6)2  2(750 uH)

3A

I = ILmax +ILminD

m 2

_107443 00 45 A

—®
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Po = VinIin

= (40)(4.5) = 180 W

Having found P, , we can now solve for the average output current:

I,=1 = 168(%" =3A
Hence, we can calculate the values for /., and [, :
Lo =Ipmax— 1, =77 A
Lowin =Ipmin—1, =13 A
L. = J% [ [P 0ds+| ZT[_XD(t—DD +1L.madet}
=3.856 A

EXERCISE 4.7
Consider a buck-boost converter that supplies 75 W at I, = 5 A from a 37 V dc source. Let
T =130 us and L =250 uH. Determine: (a) the duty ratio, D, (b) I} . and Iy .., () av-

erage input current, (d) average diode and transistor currents, and (e) the rms value of the
capacitor current.

ANSWER 029,98 A,425A,2.03A,5A,3464 A.

EXERCISE 4.8

Derive the output voltage ripple formula of Eq. (4.62) for a buck-boost converter.

EXERCISE 4.9
1 I ,I,,I. ,and [

Determine D, I} .. » 11 in > Lins Ips Ly s erms for a buck-boost converter whose capacitor
current waveform is shown in Fig. E4.9. Assume L = 120 uH.

Figure E4.9 Waveform for Exercise 4.9.

ANSWER 04,7.67A,5.67A,2.67TA,4A,267A,33A

>
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Under certain input and output voltage conditions, none of the preceding three ba-
sic converter topologies is suitable. For example, suppose the input voltage varies be-
tween 8 and 18 V while the output voltage is desired to be maintained fixed at +12 V.
It is clear that the voltage gain varies between 2/3 and 3/2 while the output is constant
at +12 V. Even though the buck-boost converter allows the voltage gain to be less or
greater than 1, it provides only a negative output voltage polarity. One topology that is
capable of providing a positive output voltage is known as the Single-Ended Primary
Inductance Converter (SEPIC), shown in Fig. 4.23.

4.2.4 Fourth-Order Converters

It is possible to cascade or cascode more than one of the basic topologies—buck,
boost, and buck-boost—to form new topologies that have attractive features that a sin-
gle topology does not. Figure 4.24(a) and (b) shows a block diagram of two converters

Ly C
+
Vin Ly G, R § v,
1 _

L o

2
(a)
L C, D

Figure 4.23 Single-ended primary
inductance converter (SEPIC). (a) Single-
switch, double-throw implementation.

(b) (b) MOSFET-diode implementation.
Vin 41 Vo
— M > M, —

(@)

» M]
Vin
—
g M Figure 4.24 Combinations of
basic converter topologies.
(b) (a) Cascade. (b) Cascode.

—®
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connected in series (cascade) and in parallel (cascode), respectively. The parallel con-
nection is also known as a differential configuration.

The overall voltage gains for the Fig. 4.24(a) and (b) converter arrangements are
given in Eqgs. (4.63) and (4.64), respectively.

M= VK = MM, (4.63)
M=-2=M-M, (4.64)

M1 = & M2 = Ko
in Vl
and in Fig. 4.24(b) we have
= b
V \%Z

Figure 4.25(a) and (b) shows the block diagram and circuit implementation for the two
possible series cascadings of the boost converter with a buck converter. Regardless of the
sequence, the voltage gain for both converters should be MM, = D/(1 - D).

The equivalent circuit representation for the cascade of the boost and buck convert-
ers is shown in Fig. 4.26(a). After careful circuit manipulation, it can be shown that the
equivalent one-switch implementation of Fig. 4.26(a) is as shown in Fig. 4.26(b).

To illustrate how Fig. 4.26(b) is obtained from Fig. 4.26(a), we assume i;; and
i;, are constant current sources as shown in Fig. 4.27(a). Figure 4.27(b) shows the
equivalent circuit when S is in positions 1 and 2. Next we redraw the portion of the
output circuit as shown in Fig. 4.27(c), which is redrawn in Fig. 4.27(d). The two
modes of Fig. 4.27(d) are represented in the equivalent circuit shown in Fig. 4.27(e).

Similarly, the buck and boost cascade is shown in Fig. 4.28(a). The circuit can be
simplified through several straightforward steps as shown in Fig. 4.28(b)—(d). Notice
the capacitor in Fig. 4.28(a) is removed since regardless the state of §; and S, the ca-
pacitor average current is always zero. In Fig. 4.28(c) we combine L; and L, in se-
ries. Finally, Fig. 4.28(d) is obtained using similar steps for the buck-boost cascade.

EXAMPLE 4.7
Figure 4.29(a) shows a cascade of a buck and a Cuk converter. Show that the voltage gain is given by
\% 2
Yo D (4.65)
Vo 1-D
Vin Boost Vi | Buck Vo
M M,
(@)
Vi V \%4
SRELEN B;[Ck ! B;IOSt —»  Figure 4.25 Block diagram representation for the
2 ! cascade of a boost and a buck converter. (a) Boost-
) buck. (b) Buck-boost.
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+ Ve - iL2

ir]

(©
Figure 4.26 (a) Boost-buck cascade. (b) Two-switch implementation. (¢) One-switch
equivalent circuit implementation.

SOLUTION During mode 1, when S; and S, are in position 1, and during mode 2, when S, and S,
are in position 2, the inductor voltages are given by

Mode 1 (DT): v =V,

m

Vi, ==V, +V,

Mode 2 ((1-D)T):

Apply the volt-second balance principle to v, ; and v,,, to obtain
v DV, —(1-D)V,=0

M, =—<=-2_

V,:  D(V,+V)-(1-D)V,=0

)

S

I
~Iss

[

o
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r
|
)
a
5

b
(@)
Position 1: Position 2:
3 r
B 32
ILl ILZ
(b)
13
Ip o It
A 2
atVe 7 p a b
1 v + Ve —
[ ]
Ip1 I, I Iy
22
@
a + Ve — b
I, I
1 2

(e)
Figure 4.27 Steps illustrating how Fig. 4.26(b) is derived.

Therefore, the total voltage gain is

2
Zo— pm, =2
i 1-D
Another straightforward way to find the gain equation is to realize that the average voltage

between a and a” is DV, and use this voltage as an input to the Cuk converter. The switch
implementation for Fig. 4.29(a) is shown in Fig. 4.29(b).

.

—®
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(d)
Figure 4.28 Steps illustrating how the buck-boost converter is obtained from the cascade
configuration.

EXERCISE 4.10

Show that the cascaded buck and boost converters of Fig. 4.28(c) produce the same voltage
gain conversion as that of Fig. 4.28(a), i.e., V,/V,, = D/(1 —D),when S, and S, are single-
pole, double-through switches; assume S; and S, are synchronized in position 1 for the DT
interval and in position 2 for the (1 — D)T interval.

Figure 4.26(b) is known as a Cuk converter, whose voltage gain is D/(1 - D), as
will be discussed in detail shortly. This concept can be extended to other cascaded to-
pologies. The generalized fourth-order switched-mode voltage-to-voltage converter is
given in Fig. 4.30. Components 1, 2, 3, 4, and 5 consist of a switch, a diode, two in-
ductors, and one capacitor. By disallowing capacitor loops and inductor cut-sets, the
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1 aipt TVLL - tove - vt
—e
S Ly L _
2 S,
i () c=RZV,
1 2 T
+
e
(@)
Ly t Ve = Ly ipp

] C
Vin
1
)

Figure 4.29 (a) Cascade configuration of buck and Cuk converters. (b) Diode-switch
implementation.

A
S
D

Figure 4.30 Generalized representation of fourth-order voltage-to-voltage converter.

total number of physically realizable topologies can be reduced. For example, all pos-
sible topologies with component 1 representing a switch are shown in Fig. 4.31.

The topology of Fig. 4.31(e) is a buck converter with an additional output LC fil-
ter. Figure 4.31(c) is a buck-boost converter with an additional output LC filter. The
topologies in Fig. 4.31() and (f) are physically unrealizable since the average output
current in each of the capacitors is zero; hence, no power is delivered to the load. On
the other hand, Fig. 4.31(d) does not have an average input current.

The Cuk Converter

It has been shown that other converter topologies can be obtained by combining some of the
three topologies discussed earlier. One cascade combination of a buck and a boost con-
verter is known as a Cuk converter, given in Fig. 4.26(b) and redrawn in Fig. 4.32, named
after its inventor, Slobodan Cuk from the California Institute of Technology. Figure 4.32(c)
shows the Cuk converter with a magnetically coupled inductor representation.

The front end of the converter is a boost, and the back end of it is a buck. Hence,
we may refer to the Cuk converter as a boost-buck converter. Unlike the previous con-
verters, this converter requires two switches and uses two inductors, and a capacitor to
store and transfer energy from the input to the output, resulting in a higher level of
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i {W?

2

(@)

L 13911 1

() (d)

1 fﬁ?m:?

(e)
Figure 4.31 All possible fourth-order topologies with a switch used as component 1 in Fig. 4.30.

complexity. Like the buck-boost, the gain of the Cuk converter can be less than, equal
to, or greater than 1, with a positive output polarity. The major advantage of this con-
verter is that the input inductor, L;, and the output inductor, L,, can be coupled on one
magnetic core structure such that with the proper core gap design, the input and output
switching currents can be made zero. Other possible combinations of converters are
shown in Fig. 4.33(a) and (b), which represent a boost cascade with an LC output
filter and a buck cascade with an LC input filter, respectively.

The analysis of the Cuk converter can be carried out the same way as for the other
converter topologies. There are two modes of operations: mode 1 when the switch is
on, and mode 2 when the switch is off.

Mode 1 Mode 1 starts when the transistor is turned on at t = 0 (Fig. 4.34(a)).
The inductor L, voltage is given by

ver = Vin
Ut in (4.66)
resulting in the following current relation:
V.
ip (1) = L—mt+ 1;,(0) (4.67)
1

where I;(0) is the initial current value.
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ir] 21 i3

il G i

L L

(b)

|nnn
\VAVAV}

(©)

Figure 4.32 Cuk converter with magnetically coupled inductors. (@) Two-switch
implementation. (b) Transistor-diode implementation. (c) Core implementation.

Figure 4.33 (a) Boost cascade
with LC output filter. (b) Buck
cascade with LC input filter.

—®

.
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- Ly +

(&)

(@)

+ Vi1 - + VC1- - VL2 +

Figure 4.34 (a) Mode 1:
Transistor is turned on.
(b) Mode 2: Transistor is
(b) turned off.

The voltage across L, is given by
Vi =vat+V,
di
=1, L2
2dt
Since i;, = —i,.; = —-C(dv,,/dt), the above equation yields
d?v,
chld—tél +v =-V,

If we assume the average voltage across C; has no ripple, then its average value,
V.., 1s given by

V.=V, -V, (4.68)

This equation is obtained by using KVL from the output through C;, L;, L,, and V;,
and setting the average inductor voltages to zero.

vip =V,

V.
i) = L—jf"‘ILz(o)

Att= DT,
Vin
I;,(DT) = L—IDT+ 1;,(0) (4.69a)
Similarly,
Vin
1;,(DT) = L_DT+ 1;,(0) (4.69b)
2

Mode 2 When the transistor is turned off at t = DT, D turns on and the equivalent
circuit is given by Fig. 4.34(b). Similar analysis shows

V1 = Vo
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and the inductor currents are given by

\%
ip () = L—?(f—DT) +1.,(DT)

\%
ip(t) = L—Z(f— DT)+1,,(DT)

Att=T,
: v,
iny(T) = 22(1=D)T+1,(DT) (4.70a)
1

1%
i;o(T) = L:(l —D)T+1,,(DT) (4.70b)

Since I;{(T)=1;,(0) and I,;,(T) = 1;,(0), from Egs. (4.69) and (4.70), we obtain

Vinpr— &’(1 -D)T

Ll Ll
V, -D
—0=__ 471
V. 1-D @71

1

The current and voltage waveforms for the Cuk converter are shown in Fig. 4.35.
The average input current is the same as the average inductor current i, (¢),
given by

1 +1; .
Iin= leax2 L1min (472)

and the average output current is the same as the average inductor current i;,():

I + 1o
10 — LZmaxZ L2min (473)
Since the average input power and output power are equal, we can obtain from the
above equations the following:

I,,(DT) = [ﬁe + 2D—LTJ V., (4.74a)
1,5(0) = [ﬁe—%ﬂ . (4.74b)
Similarly, we obtain
1,(DT) = [ﬁ + 5|V (4.754)
1,,(0) = [ﬁ - 2D—LTJ V., (4.75b)

For continuous input current #; (z) , we set I; ;(0) = 0 to obtain the critical value
of L; as follows:

_ 2
— (L-D)°RT 2DD RT (4.76)

L Lcrit
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| |
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0 ! pr L7 Figure 4.35 Current and voltage

| |

waveforms for the Cuk converter.
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Similarly, for continuous current in L,, the minimum value is given by

_(L-D)RT

Loeie = *—5— 4.77)
The ripple voltage across C; and C, is given by
AVCI _ D
V, RC,f
A -
Yo 1-D_ 4.78)
Vo o 8L,C,f

EXERCISE 4.11

The converters shown in Fig. E4.11(a) and (b) are for a SEPIC and a converter known as a
Zeta. Derive the voltage gain expressions for both converters.

Ly Ci D
ir] irn n
Vin S f L Cy T R V,
(@)
Cy Ly
N +
Vin Ly D C R Vo

(®)
Figure E4.11 (a) SEPIC. (D) Zeta.

ANSWER 2
EXERCISE 4.12
Consider the SEPIC converter in Fig. E4.11(a) operating in ccm with the following parameters:
D =0.52 Va=112V f, =110 kHz
R=120Q L,=L,=50 uH C,=C,=C=147uF

(a) Sketch the waveforms for i, ,, i;,, ip, ic;,and ic, .
(b) Determine the capacitor ripple voltage |AV,/V,| and [AV,/V,|.

—®
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EXERCISE 4.13

Consider the PWM converter shown in Fig. E4.13 with S, and S, turning on and off simulta-
neously. Derive the expression for V,/V;, .

D, 52
ir
51 +
Vin C:) t C R § v,
D, T -

Figure E4.13 PWM converter for Exercise 4.13.

ANSWER (2D - 1)/D

4.2.5 Bipolar Output Voltage Converters

All single-switch converter topologies discussed so far produce a unipolar average
output voltage and a unipolar average output current as shown in Fig. 4.36, resulting
in unidirectional average power flow from the source to the load.

In some converter topologies, like bridge converters, the output voltage can be of
two polarities, depending on the duty cycle. Figure 4.37(a) and (b) shows two ways to
implement a converter that produces bipolar output voltage.

Furthermore, depending on the switching sequence, the average output voltage
and current can be unidirectional. Figure 4.37(c) shows the switch-diode implementa-
tion of Fig. 4.37(b). It can be shown that the voltage gain is given by

Yo _ 2D -1 4.79)
m

Figure 4.38 shows a plot of M vs. D for several converters.

o

Boost
Buck
SEPIC
>V,
Cuk
Buck-boost

‘Watkins-Johnson

Figure 4.36 Average output current vs.
output voltage.
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M =V,/Viy
.

0.5

(b)

D,

Cascade buck & Cuk

Buck-boost Buck

N

Bipolar

t t t » D
0.7 08 09

Figure 4.38 M vs. D for various converters.

Figure 4.37 Bipolar output voltage
converters. (a) Half-bridge. (b) Full-bridge.
(c) Diode transistor implementation of (b).
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EXERCISE 4.14

ANSWER

The converter shown in Fig. E4.14 is known as a Watkins-Johnson converter and is capable of
producing a bipolar output voltage. Assume S; and S, are thrown in positions 1 and 2 simul-
taneously for the DT and (1 —D)T time intervals, respectively. Derive the expression for the
voltage gain V,/V;, .

v [ Fﬁ :

Figure E4.14 Watkins-Johnson converter.

<|<
\]
v

=~
)

4.3 DISCONTINUOUS CONDUCTION MODE

Unlike the continuous conduction mode (ccm), in the discontinuous conduction mode
(dcm), the minimum inductor current in each of the three basic topologies is zero.
Hence, there exists a short interval in which the inductor current is zero, i.e., discon-
tinuous. decm operation is frequently encountered in dc-to-dc converters since these
converters normally operate under open load conditions. Both the steady-state conver-
sion ratio and the closed-loop dynamic charge significantly change. It will be shown
shortly that under dem the converter voltage gain is a function of not only D, but also
the load, switching frequency, and circuit components.

As in the ccm case, the steady-state condition will be assumed when it comes to
deriving the expression for the voltage gain. In this section we will present the steady-
state analysis for the buck, boost, and buck-boost topologies operated in dcm. Unlike
the steady-state analysis in ccm, the analysis for dcm requires solving for the time in-
terval during which the inductor current becomes zero. The basic analysis procedure
for each converter is the same.

4.3.1 The Buck Converter

The inductor current waveform under dem operation is shown in Fig. 4.39. Recall the
inductor current equations for the buck converter:

A4
~

0 DT DT T

Figure 4.39 Inductor current waveform under dcm operation.

g
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i(1) = %(Vin— V)t +i,(0) 0<1< DT (4.80a)

i,(1) = ‘Ilvo(z—m) +i(DT)  DT<t<T (4.80b)

The edge of discontinuity occurs when i;(7) =i;(0) = 0. This value occurs when
L = L. The waveform for i;(¢) at the edge of discontinuity is shown in Fig. 4.40.
These waveforms correspond to the equivalent circuits given in Fig. 4.41(a), (b), and
(c) when the switch(es) are on, off, and both off, respectively.

If the converter inductor becomes less than L , there exists a dead time greater
than zero, as shown in Fig. 4.39. It is shown that D, is the duty ratio at which the
inductor current becomes zero.

At t = DT, Eq. (4.80a) gives

i1(DT) = 1(Vy = V,)(DT) 381)

Notice the initial inductor current at ¢ = 0 is zero, i;(0) = 0.
At t= DT, Eq. (4.80b) gives

i,(D,T) = _T]VO(DlT—DT) +i,(DT) =0 (4.82)

(a) (®)

(c)

Figure 4.41 Equivalent circuit modes for the buck converter operating in dem. (@) Switch is
on. (b) Switch is off. (¢) i; = 0.

—®
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From the above two equations, we obtain

Vo _ D
2= 4.83
V. "D, (4.83)

m

Using the above equation, we solve for i;(DT),

2V32
i (DT) = < 4.84
i((DT) DV_R (4.84)
Solve for D, from Egs. (4.83) and (4.84) to obtain
2V, L
= Yo + (4.85)
DRTV;,
Thus, the voltage gain in terms of D and the circuit parameters is given by
Yo _D (4.86)
Vi. 2V,L
DRTV,,

Let the voltage gain M be equal to V,,/V,,. We must solve for the voltage gain in
terms of the circuit components. From Eq. (4.86), we solve for M to yield

_DRT[ [8L _,_
M==7 [,DZRT-H 1} (4.87)

We can also express D, as follows:

D, = 1 (4.88)

DRT[ [ 8L
4L [/\/DZRT+ I- 1}

The voltage conversion characteristics of the buck converter can be expressed in
terms of the normalized time constant, 7,, which is given by

s Uno

T, = (4.89)

NiL

where 7= L/R and T is the switching period.
The voltage gain can be expressed as

_ D?| 87,
M= 4711{ ot 1 1} (4.90)

The characteristic curves for M vs. D under different values of the normalized time
constant are shown in Fig. 4.42.
The normalized relation for D; is given by,

D, = 1 4.91)

DI BT gy
4t,| N D?

The characteristic curves for M vs. D, under different values of the normalized time
constants are shown in Fig. 4.43.

—®
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1.0 T T T I : - T T —

Tn =0.001

09 ]
0.005

0.01

0.8 - 0.02 ]

0.04
0.7 - ]

0.6 - B

M 05 —

04 L .

0.3 B

0.2 B

0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.42 Characteristic curves for M vs. D under different normalized time constants.

Tn =0.001

1
0 01 02 03 04 05 06 07 08 09 10
Dy

Figure 4.43 Characteristic curves for M vs. D, under different normalized time constants.
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0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.44 Normalized maximum inductor current vs. D under different normalized time constants.

The maximum inductor current of Eq. (4.81) can be expressed in terms of 7, :

v.TD[ p2[ [87,

Normalizing the current by V; /R,

I — I LmaxR
nlLmax V.
i

D3| 8T, D
Lpmax = _4—1;;2{ /—DE+ 1- 1} +:n (4.93)

The plot for 1,7 ... vs. D under different normalized time constants is given in Fig. 4.44.

EXAMPLE 4.8

Consider a buck converter with a dc voltage source of 80 V and a load resistance equal to 18 Q). It
is required that this converter deliver at least 100 W to the load. Assume the switching frequency is
150 kHz. Determine: (a) the inductor critical value, L, , (b) the voltage gain for L = 0.1L_; and
10L,,, (c) D, for L = 0.1L_; , and (d) the maximum inductor current at t = DT .

crit crit *

SOLUTION
(a) The output voltage, V,,, is given by

Vv, = JP,R = J(100)(18) = 42.43 V

.
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For the given V;, =80 V, the duty ratio under ccm is 0.53. Under this condition, with
T = 6.67 us the inductor critical value is

RT
L= —-2—(1 -D)

(b) If the inductor is chosen to be less than L = 0.1L_.. = 2.812 uH, we have

crit

V 2
M=_o=DRIT) | 8L | {|_0g73
V. 4L |\DRT
For L = 10L ,
%
M=—0 =924 _53

The new output voltage is V,, = 0.873(80) = 69.8 V.
(c) D, is given by

(d) The maximum inductor current at t = DT is

V,,TD

I = 5= (M= 1) = 1273 A

The time intervals are given as DT = 3.53 us and 4.2 us with

%

I,=1,=== 6—9i88V =388 A P, = (3.88)(69.8) = 270.8 W
(DT

L, = L(z )p— (12'73;(0'53) =337A P, =(3.37)(80) = 269.8 W

The plot for i, is shown in Fig. 4.45.

EXAMPLE 4.9

Consider a buck converter with the following parameters: V,, =80V, R, =18 (,
P,=100 W, L =04 mH, f, = 150 kHz.

(a) Determine the mode of operation.
(b) Determine the range of R, for the converter to remain in the ccm.

I max = 1273 A

1,=3.88A

|0 DT =353 T=667
D T=4.1

Figure 4.45 Inductor current waveform for Example 4.8 under dem.
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SOLUTION

(@V,=,/P,R,=4243V
Assuming continuous mode of operation,

poVo 248V _

The critical inductor value is given by

R, T
L= > (1-D)=128.21 uH
Since L > L , the converter is operating in the ccm.
(b) Notice that the inductor current tends to decrease faster as the load resistance increases.
Recall,
1, (1-D)T
IL(DT) = ILmax = L—Q + g‘—E’—E—)——:|Dvin
_ _|1 (1-D)T
LO)=1I,_. =|=->*——=|DV.
L( ) Lmin [ R 2L j| in
For I} i, = 0, we have

0 P _(1-0.53)6.67 HS:|(O.53)(80)
R 2(04mH)

2(0.4 pH)

= =25520
(1-0.53)(6.67 us)

For R < 2552 Q)
For R =2552 Q)
For R > 2552 Q)

ccm (heavy load)
dem (boundary)
dcm (light load)

4.3.2 The Boost Converter

The boost converter can also be analyzed to obtain the voltage gain, M, the time at
which the inductor current reads zero, D;, and the maximum inductor current, I; . -
For the on state in the time interval 0 <t < DT, we have
Vin

ij =—="t 4,94

LT (4.94)
In the dem 7;(0) equals zero, and the maximum inductor current occurs at ¢t = DT,
and is given by

I} ux = 1 (DT) = %‘DT (4.95)
For the off state in the time interval DT < ¢, we have
i(t) = @[I—Dﬂ +i,.(DT)
In the dem, i; (D, T) = 0; hence,
0= Vi“i Vo(Dl —-D)T+i,(DT) (4.96)

g
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From Egs. (4.95) and (4.96), we obtain the voltage gain:

V, .. _ D
D,-D

V.

1

4.97)

To solve for D, in terms of the circuit parameters, we use conservation of power

to obtain another relation. The average input power, P;,, equals I, V,,, where
I, =11, Dy thus,
Pin = %ILmaXVinDl (498)
The average output is given by
_v:
P, = = (4.99)
Equating P;, and P,, from Eqgs. (4.98) and (4.99) we obtain
2V2
I max = “ 4.100
tm RV D .

From Egs. (4.97) and (4.100), and using I;, = %I 1 maxDP1> We obtain

1 2RTD?
M=1+ 1 4.101
2[ + 1+ 7 } (4.101)
2
M21[1+ /1+2D} (4.102)
2 T,

The duty ratio D, is obtained from Eq. (4.97) in terms of 7, :

D =Tryps |Ti4o 4.103
1—54' + 1724' Tn ( )

Setting D; = 1 and solving for L, we obtain

In terms of 7,,

RTD
L= Lcrit = T(l _D)2
The normalized maximum inductor current is given by
Ly = 2 (4.104)

n

The characteristic curves for M vs. D, M vs. Dy, and D vs. I; . under different
normalized time constants are shown in Figs. 4.46, 4.47, and 4.48, respectively.

EXAMPLE 4.10

Consider a boost converter that supplies 4 A to an 80 V output with V;, =60 V and
L =67 uH. Assume the inductor current is discontinuous and f; = 100 kHz. Determine the op-
eration mode and the maximum inductor that can be used to achieve the dcm mode of operation.

SOLUTION The voltage gainis 1.33 and 7= L/R = 3.35x 10 s, and 7, = 0.335. The duty ratio is
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0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.46 M vs. D under different values of normalized time constant for
the boost converter.

0 | | | | | | | | |

0 01 02 03 04 05 06 07 08 09 10
Dy

Figure 4.47 M vs. D, under different values of time constant for the boost converter.
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110 T T T T T T T T T
100
90
80
70
60
InLmax
50
40
30

20

10

0 L L L L L L L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.48 ;... vs. D under different values of normalized time constant for the
boost converter.

Thus, we obtain the value for D, as

T, T2
D/ ==+D+ |=+27,
D D?
_ 0335

2
D, =933 L0248+ [(0339)° 4 5(0335) = 3.18

Since D; > 1, the converter must be operating in the ccm under the specified values.
The maximum inductor value to maintain is

_RTD

L< Loy ==~

(1-D)

L<0.125 mH for dcm

4.3.3 The Buck-Boost Converter

As with the other two converters, the derivation of the gain equation for the buck-
boost operating in dem is straightforward. Similar analysis shows the following rela-
tions for M and D, .

D, = D(l + A]_/I) (4.105)

—®

.
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Tn=0.01

0.02

0.04

0 L L L L L L L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.49 M vs. D under different values of normalized time constant for the buck-boost
converter.

M= (4.106)

The characteristic curves for M vs. D under different values of normalized time con-
stant are shown in Fig. 4.49. For the M vs. D, curve, refer to Fig. 4.50.
The normalized maximum inductor current is given by

L = 1‘%) (4.107)

n

Figure 4.51 shows 1,;,,..« vs. D under different normalized time constants.

EXAMPLE 4.11
Consider a buck-boost converter with the following values: V, =12V, P, =25W,
V., =20V, and f= 100 kHz .
(a) Design the converter so that it will operate in ccm.
(b) Repeat part (a) for dem.
(¢) Find the maximum inductor current under both ccm and dem.

(d) If the load resistance increases by 50% (i.e., the load current changes from 2.08 A to 1.39 A),
determine the mode of operation for the two converters and then the maximum inductor current.
Sketch the new inductor currents.
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Tn=0.01

Tn =0.02

Tn=0.04

-1 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Dy

Figure 4.50 M vs. D, under different values of normalized time constant for the buck-boost
converter.

100

90

80

70 -

60

Ianax 50 -

40 F

30 -

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.51 1., vs. D under different values of normalized time constant for the buck-boost converter.
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SOLUTION
(a) The load resistance at 25 W and 12 V output is given by
2
R=Y2 =12 5360
P 25

The duty ratio, D, under ccm is 0.375.
For ccm, the inductor must be larger than the critical value given by

Lo = (ISZI)(l -D)2=0.01125mH.

For ccm, we choose L = 0.1 mH.
(b) For dem, we choose L smaller than L ; . Let L = 0.005 mH.

7, =T = 0868 s _ g7
us

Hence, for M = 0.6 and 7, = 0.087 we obtain D = 0.25 . Solve for D, to yield D, = 0.67.

(¢) The maximum inductor current for ccm is given by
DV, Vi DT
1 Lmax +
R(1-D)2 2L
The minimum inductor current is given by

I =333-0371=3 A

=371 A

For dcm, we have

L. =1y

Lmax L inDT: 10 A

(d) If the load resistance changes by +50% for the designs, the new modes of operations can be
obtained by finding the new value of 7, or determining the new L.

(i) For the ccm:
R, =576+ %(5.76) =864 O

The new L, is given by
L.; =0.017 mH

Hence, the converter will remain in the ccm.
I} max = 2.6 mA
I} nin = 1.85 mA
(ii) For the dem the new 7 is 0.005/8.64 = 0.58 us ; then the normalized 7, is given by

For M=0.6 and 7, = 0.058, we have D = 0.204, and D, is obtained from
D, =D+ ,/27,=0.544
The maximum inductor current is given by

I = I%VmDT= 8.165 A

Table 4.1 shows the summary of equations for the three basic converters.
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Table 4.1 Summary of ccm Equations

ccm dem
V(I
Converter —‘{9 KQ D, Vi
type Vin Vin (in terms of D and 7,,)
Buck D D 1 D2 [ JT }
=—| [L+1-1
Dl _9_ % +1-1 47',1 D2
47N D
Boost 1 D, - 2 1 D2
— DN =2 n |1+ |1+
1-D D,-D D, D+D+ D2+27'n 2[ | Tn:|
Buck-boost _ D D, D+ /27, 1
1-D D.—-D " D |—
1~ 2T,
EXERCISE 4.15

Consider a boost converter that delivers power to the load with the inductor voltage waveform
shown in Fig. E4.15. Assume R = 176 (). Determine L.

v (1)
A

28V M

» ¢ (ms)

0.33 09 1
~14V F-—-

Figure E4.15

ANSWER 10.59 mH

44 THE EFFECTS OF CONVERTER NONIDEALITIES

The analysis thus far has been based on the assumption that all components, switching
devices, and diodes are ideal. Depending on the application and power levels, the in-
clusion of some parasitic effects of both components and devices is very important to
the design for acceptable performance. In this section, we are going to study the second-
order nonideality effects on output voltage and efficiency. The following nonideal
characteristics will be investigated:

1. Inductor resistance (7;)
2. Transistor and diode voltage drops (Vy, V)
3. Switching and conduction losses (7,)

Other nonidealities include the equal series resistance of the output capacitor, rggg,
which is important to include since its presence affects the design of the closed-loop
compensator to stabilize the converter.
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4.4.1 Inductor Resistance
The Buck Converter

To study the effect of inductor resistance on buck converter performance, we assume
the inductor has a finite resistance, r;, in series as shown in Fig. 4.52. The source of
this resistive loss for a practical inductor are the core and copper losses.

When the switch is on, the inductor voltage is given by

. di
Vin = rLlL+L7tL+ v,

The first-order differential equation is obtained as

dip ip_1
Lyl lwy _vy
dt * T L( in= Vo)

where 7= L/r; .
The general solution for i; is given by

i(t) = (- 1)e/ 7+ 1, (4.108)

The initial, /;, and final, I, values must be determined in order to solve for i;(¢).
At t = DT we have

i,(DT) = (I;-1)e ™" " +1,

and the final value, If, is given by

A typical sketch of i;(¢) including inductor resistance is shown in Fig. 4.53.
Let I; be the minimum inductor current at t =0, I;,.,, and I; .. be the maxi-
mumat ¢ = DT'. Hence, using the above value for I, we obtain the following relation:

I ax = |:1Lmin _ (Vin — Vo):| e—DT/7 4 Vin’; Vo (4.109)

ry

Figure 4.52 Buck converter with
inductor resistance.

»

» ¢ Figure 4.53 Inductor current
including r; .
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When the diode is conducting, the inductor equation is given by
di; rp.
d—f + zlL = _Vo
The solution for i; is given by
i (1) = (I;=1)e-PD/7+ [,

The final value, Iy, is given by

I, =
(s
and the initial value, /;, is ;.. Hence, i;(t) is given by

I;(t) = (ILmax+&’)e—(f—DT)/T—E’ (4.110)
L L
Evaluating i, (¢) at t = T, we obtain
Ime (ILmax Vo)e_ra ~Dy/T— Ko (4. 11 1)
L L

where i; (1) = I i -

To solve for i;(t) , expressions for I;, ;. and I; ... must be obtained from Eqgs. (4.109)
and (4.111) in terms of the circuit components.

By replacing the exponential function by its first two linear terms,

D1/~ 1_DT (4.112q)
T
eT-pyrop T DT (4.112b)
T T
Egs. (4.109) and (4.111) may be written as follows:
Vo T DT) |4
I I +21 - =+=|-=2 4.113
Lmin — ( Lmax rL)( L r ( a)
Irmax = (Ime i ))( Q—T) sV (4.113b)
rL T ry
Further, it can be shown that the following equation may be obtained:
V.D-V,
ILmax Ime (————0) (4114)
ry
Equation (4.114) suggests that the inductor ripple is approximated at zero.
Using the relation
I = ILmjn +ILmax — K)
° 2 R
we obtain
Yo_ D 4.115)
(I
R

Notice as r; —> 0, the gain becomes D.
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Another way to solve for the voltage gain is to assume the time constant 7 is very
large compared to the switching period, and the voltage across r; is small compared to
the input voltage V;, ; hence, an approximation V,; is calculated using the average value

of inductor current. The plot for M vs. D for different r; /R values is shown in Fig. 4.54.

The Boost Converter

To study the effect of inductor resistance on the boost converter performance, we
again assume the inductor has a finite resistance, r; , in series as shown in Fig. 4.55.
The inductor current waveform is shown in Fig. 4.56.

Similar analysis gives the following inductor current equations:

. V —t/ V
lL(t)=(ILmin+—m e/ T2 0<t< DT
rp rp
. V.-V V. -V
lL(t)Z(ILmaX—L’ e~ (t=DD)/7T M "0 DT<t<T
ry ry
1.0 T T T T T T T T T
09 TLIR = 0 (ideal) ——»,
=0.06
0.8 - =0.10 B
0.7 4— 0.16
0.20
0.6 - —
M 05 |
04 | N
03 B
02 B
0.1 | B
0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

D

Figure 4.54 M vs. D under different inductor resistance values for the buck converter.

Figure 4.55 Boost converter with
inductor resistance.

—®

.
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Figure 4.56 Boost inductor current.

where i;(0) = I; ;, and i;(DT) = I; . - Using the same approximation we have ap-
plied to the buck converter, the maximum and minimum inductor currents can be
approximated as follows:

1
ILmax zILmin z_r—[Vin_ (1 _D)Vo]
L
Using the average output current, which is given by,

IO = (ILmax ;- ILIIlln)(l —D)

we obtain the equation for the voltage gain:

% = ! 1 4.116)
. r
in 1-D 'L 1

U=-D)* 21D

The plot of Eq. (4.116) is shown in Fig. 4.57.

TL/IR = 0 (ideal)

0 | | | | | | | | |

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.57 M vs. D under different inductor resistance values for the boost converter.

.

N S
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EXERCISE 4.16

Consider the buck-boost converter with inductor resistance shown in Fig. E4.16. Show that the
voltage gain equation can be approximated by the following relation:

“//o _ D @.117)
- r
in 1-D L

=D+ 237D

Figure E4.16 Buck-boost converter with inductor resistance.

whose plot is shown in Fig. 4.58.

4.4.2 Transistor and Diode Voltage Drop

As an illustration, let us consider the buck converter. Let us assume that when the
transistor is on, a nonzero voltage drop across it, VQ , is present; and when the diode is

10 T T T T T T T T

TL/R = 0 (ideal)

0 1 I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 4.58 M vs. D under different inductor resistance values for the buck-boost converter.

—®

.
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turned on, a voltage V), appears across it. Hence, the voltage across the inductor
while the transistor and diode are conducting is given by

Switchon: v, =V;,-V,-V, 0<t< DT
Switch off: v, =-V, -V, DT<t<T

Hence, the inductor currents are given by
(1) =%(Vin—vo—vg)t+1Lmin 0<r<DT
i,(1) = %(— V- Vp)(t-DT)+1,,,, DT<t<T
Evaluating the above equations at + = DT and 7, we obtain
: 1
[ max = Z(Vin =V,=Vo)DT + I} i,
. 1
LLmin = Z(_ Vo= Vp)(1 =D)T + I}y

Using this input and output average power, the voltage conversion is given by

Y, p¥e Vo _p)
Vi Vin Vi
If we normalize voltages by V,,, we obtain,
1
M=D(1—VnQ—Vn (l—)_lD (4.118)

where V,, and V), are the normalized transistor and diode voltage drops.

EXERCISE 4.17

Derive the normalized voltage gain expression for the boost converter by including V,,, and V,,, .

D D

ANSWER MZl_VnD_l————D—VnQ-'_r—B

EXERCISE 4.18

Show that gain for the buck-boost converter is given by the following equation when including
the diode and switch voltage drops.

(1-V,9)D-(1-D)V,,
1-D

M:

(4.119)

4.4.3 Switch Resistance

To study the effect of switching resistance on the converter’s performance, we assume
the inductor has a finite resistance, ry,, as shown in Fig. 4.59. The resultant inductor
current is shown in Fig. 4.60.
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Figure 4.59 Buck converter with switching resistance.

Exponential

g YV

Figure 4.60 Inductor current for Fig. 4.59.

The inductor current equations are given for the on and off times of the switch as follows:

Vi“_vo)e—f/wvm;vo 0<t< DT

rSW

i(t) = (ILmin_

SwW
. v,
zL(t)=f(t—DT)+ILmax DT<t<T
where 7 is the time constant and equals L/r, .

Using the same approximation applied to the inductor resistance, we obtain the
following expression for /; .. and I; "

,_1=DVy -V,
fmax DrSW
V DV, -V
min = —2(1 = D)T+ — ¢
SW

] = Vo _ Tpmax + Imin

° R 2

Hence, the voltage gain is given by

S S
— r

% * ;T/IY)" * %N

Again assuming 7/7T >>1- D, we obtain

D

M= (4.120)

M= (4.121)

1+Drﬂ’
R

Typically, for a MOSFET, ry, = rpgon) = 0.15 L.

> T SwW
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A plot of M vs. D for the buck converter under different values of rg,/R is
shown in Fig. 4.61. Figures 4.62 and 4.63 show the plots for M vs. D under different
values of rg,/R for the boost and buck-boost, respectively.

EXERCISE 4.19

Show that the gain expressions for the boost and buck-boost converters including the switch

resistance, r,,, are

“./@ _ I 4.122)
in 1—D+(—--D )Csl”
1-DJR

“7/2 = D (4.123)
in 1—D+(—--D )Csl”
1-DJR

EXAMPLE 4.12

A buck converter is modeled by including a switch resistance, r,,, an inductor resistance, r; ,
and a diode voltage drop, V. Assume V,, =50V, V, =09V, V, =20V, R=4 (),
rew = 0.08 Q, r, =0.06 .

(a) Derive the relation for V,_/V;, that includes the above effects.
(b) Find the duty cycle, D.
(c) Find the efficiency, n = P,/ P, .

1.0 T T T T T T T T T

09 | rew/R = 0 (ideal)
0.1

0.8 - 0.2~
0.3

07 F 044
0.5

0.6 - B

04 L .

03 .

O L L L L L L L L L

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
D

Figure 4.61 M vs. D for the buck converter under different values of rg,/R.

.
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11

Few!R = 0 (ideal)

0.5

2.0

1.8

1.6

1.4

1.2

0.8

0.6

0.4

0.2

Figure 4.63 M vs. D under different values of r,/R for the buck-boost converter.

0.

1

0.

2 0.3 0.4 0.5 0.6 0.7 0.8

rsw/R = 0 (ideal)

0.1

0.2
0.3

0.4
0.5

0.1

0.2 0.3 0.4 0.5 0.6 0.7
D

0.8

0.9
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SOLUTION
(a) The inductor current relations are given by
Vio—1 +ry)-V
ILmax _ILmin = ( = L(rL er) o)DT
L
V,-Lir +V
ILmin - ILmax = (+D)(l - D)T
I — V(I
LR
These result in
V V
14 D(l ¥ V_D) v,
2= L (4.124)
Via r

14244 phy
R R

(b) Substituting for V,, =50V, V,=09V, V, =20V, R=40Q, r, =008,
r;, = 0.06 ), we obtain D = 0.42.
(c) The power loss in the inductor and switch resistors is given by

Progs = (I3n)?rg + (I)%r,
L, =DI, = D% = (0.42)249 =21
I,=5A
Pose = (2.1)2(0.08) + (5)%(0.06) = 0.353 + 1.5 = 1.853 W
P, =V, I, = (50)(2.1) =105 W
P,=V, I, =(20)(5) =100 W
The total loss is 5 W, and the efficiency, 7, is given by

n=1991000 = 952%
105

EXERCISE 4.20

Derive the voltage gain equation for the buck-boost converter by including the switch
resistance, r, , and the inductor resistance, r; .

ANSWER v, D
7

mn (1_D)+___’;I:___+(_p___)r_s_‘ﬁ’

R(1-D) \I-DJR

dc Transformer Model

We can develop the dc transformer equivalent circuit model by including the converter
nonidealities discussed above. Such linear circuit models are very useful when it
comes to solving for voltage conversion, average current gain, and efficiency. This is
because linear circuit analysis techniques that are well understood by design engineers

can be employed in solving these models.

g
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By inspection, it can be seen that the dc transformer equivalent circuit for the buck con-
verter of Fig. 4.64 is given in Fig. 4.65. The derivation of the model is quite simple. All we
need to do is to write the dc equation relating V., V,, I;;,, D, and I, during modes 1 and 2.

[ V1 i

For example, for the buck converter of Fig. 4.64, we have the following relations for v, (7):
vi(t) = Vi, = Vo= (rp+re,D)1, -V, 0<t< DT (4.125a)
vi(t)y==Vp-V,—(rp(1-D) +r;)I, DT <t<T (4.125b)

Under dc conditions, the average inductor voltage is zero,

1 T
%JO v, (H)dt = 0

This integral yields the following dc equation:
D[V~ V,= Vo= (rp+reaD) 1+ (1-D)[-Vp =V, ~ (rp(1=D) +r)I,] =0

Rearrange the terms in terms of Vi, V,,/D, and DI, to obtain

v, 1-D 1-DV r
Vin=50+VQ+TVD+[rOH+( = )rD+D—L2JD10=0 (4.125)

It can be easily seen that the above equation can be represented by the dc equivalent model
shown in Fig. 4.66(a). The simplified equivalent circuit is shown in Fig. 4.66(b), where

1-D\ 1
req:ron+(—D )rD+D—L2

1-D
Veq= Vin_VQ_TVD

n=D
L T L
2
+
b C= R § v,
D I  Figure 4.64 Buck converter with
® P component nonidealities.

oo J

| . |
—o——» —o

| |
. o ° ° Pt
Vi qu'nva]'ent v, /D: : v,

circuit | |
-1 |-

| |
—o— )

|

| |

| |

Ideal dc model for the
buck converter

Figure 4.65 Transformer equivalent circuit diagram for a buck converter.

>
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(1-D)?
Vo, D r D? r1/D?
0 on L I,D

O—O—W—W—W\

D

(@)

Veq Teq 1:n
F‘—'\ WV > o
[ ] o *
Vin 0 %h% Vo
o]
()

Figure 4.66 (a) dc equivalent circuit for the buck converter of Fig. 4.64. (b) Simplified
equivalent circuit.

y >~

Table 4.2 dc Equivalent Circuit Model

Veq Teq . I,
@ tin » o
[ ] o *
Vin Vo
O
Buck Boost Buck-Boost
n 1 D
D 1-D 1-D
r 1-D)\2 r r 4+ D?r .+ (1 -D)%r 1-D\? 1-D\?
eq ron+( D )rD+D—L2 L p r0n+rD( D ) +rp 1+(T)
\% 1-D 1-D)V,+DYV, 1-D
a|  VeriZBv, (1=D)Vp+DVy Vo+ 22,

Similarly, we can obtain the dc equivalent circuits for the boost and buck-boost.
Table 4.2 shows the values for Veq, Feq> and the transformer ratio for the buck, boost,

and buck-boost.

EXERCISE 4.21
Show that the transformer equivalent circuit model for a boost converter that includeg 1y Tons
Vp, and V, is as shown in Fig. 4.66(a) with n=1/(1-D), roq=r +Dr,,, and
Veg = (1-D)Vp+DV,.
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4.5 SWITCH UTILIZATION FACTOR

It is possible to evaluate the use of the power switch in the buck, boost, buck-boost,
and Weinberg converters by investigating the average switch power-handling capabil-
ity with respect to the average power delivered to the load. Figure 4.67 shows a block
diagram representation for any switch-mode power converter, where

I, = average load current

V, = average load voltage

Iy max = Maximum current through the switch when turned on
Viw.max = Maximum voltage across the switch when turned off

Let us define the switch maximum power as
P =V, I

sw,max _ ’ sw,max’sw,max

and the average output power is given by

P() = V()I()
Then we define the switch utilization factor (K, ) as the ratio of Py, .., and P,;:
P
K, = -2 (4.127)
P SW, max

EXAMPLE 4.13

Determine K, for the buck converter.

SOLUTION The maximum switch current and voltage expressions are given by Egs. (4.128) and
(4.129), respectively,

1,(1-D)T
Isw,max = DVm[TQ + 2L :| (4.128)
Viwmax = Vin (4.129)
and the maximum switch power is given by
Psw,max = Isw,maxvsw,max
~ V[ L+ USDIT]
R 2L
Iln ISW 10
—o0—o0— —
+ Vsw,max — +
Storage Storage
Vin and/or and/or Vo | Load
filter filter _

Figure 4.67 Block diagram for switch-mode power converter.
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The average output power is given by

P = v
o R
Therefore, the switch utilization factor, K, , is
V2/R
KSW =
1 ,(1-D) T}
DV2 [— +
"R 2L
_ D
1+ (1-D)RT
2L

Using the normalized time constant, 7, = L/RT, K, can be expressed as

_ D

KSW_—
1 +——~~~~—(1 -D)
27

n

Figure 4.68 shows a plot of K, vs. D under different values of 7, for the buck converter.

Similarly, it can be shown that the switch utilization factor for the boost and buck-
boost converters are given in Egs. (4.131) and (4.132), respectively.

1

K, = 4.131
W 1 +(1—D)D (“131)
1-D 2T,
D
K,=—— 4.132
W 1 +(1—D) ( )
1-D 2T

Figures 4.69 and 4.70 show the plots of K, vs. D under different values of 7, for
the boost and buck-boost, respectively.

0.8 -

0.6 -

02

0 : :
0 0.2 0.4 0.6 0.8 1

D

Figure 4.68 K, vs. D under different values of 7, for the buck converter.

—®




W
%@ | @ BatChapterd.fin Page 201 Friday, February 21, 2003 3:41 PM

A

Problems 201

Figure 4.69 K, vs. D under different values of 7, for the boost.

0.25

0.15

0.1

0.05

T, = o0

0 02 04 06 08 1

D

Figure 4.70 K, vs. D under different values of 7, for the buck-boost.

EXERCISE 4.22

Show that the switch utilization factor for the boost and the buck-boost are given in Egs.

(4.131) and (4.132).

PROBLEMS

Continuous Conduction Mode

Buck Converter

4.1 Consider the following specifications for a
buck converter:

V, =80V
R,=90Q

P, =100 W
f, =150 kHz

Determine:

(a) The inductor value at the boundary condition
(critical value L)

(b) The maximum inductor current value for
L = 10L;

(¢) The diode rms and average current values

4.2 Derive the expressions for v.(0) and v.(DT)
for a buck converter operating in ccm whose cur-
rent waveform is drawn in Fig. P4.2.

4.3 Consider the buck converter with V;, =25V,
V,=12Vatl,=2A, f, = 50 kHz . Determine:
(a) The duty cycle, D

(b) Ly

(C) ILmin’ ILmax’ Io,ave’ Iin,ave for L = 100Lcrit
(d) Output voltage ripple for C = 0.47 uF
(e) Cfor |V|=2%ofV,

>
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Figure P4.2

4.4 Derive the expressions for the inductor and
capacitor rms currents for the buck. Find these val-
ues for Problem 4.3.

D4.5 (a) Design a buck converter for the follow-
ing specifications:
AV /V,=0.1%, Va=40V,
P, e =20W, f[=75kHz, D=10.5
(b) What is the inductor current’s peak-to-peak
value?
(c) What are the diode and switch rms current values?

D4.6 Consider a buck converter with V;, = 48 V,
V,=27Vatl,=8A,and f, = 50 kHz . Design
for L and C such that the peak value of the induc-
tor current does not exceed 15% of its average
value, and the capacitor peak voltage does not ex-
ceed 2% of its average value.

D4.7 Consider the buck converter of Problem
4.6 by assuming the input voltage varies by
+20% and the output current varies from 10 A to
6 A. Redesign for L and C using the same specifi-
cations with Vj (nominal) =48V, V =27V,
and f, =50 kHz .

4.8 Determine the diode and switch rms and peak
current and voltage ratings for the design of Prob-
lem 4.6.

4.9 Determine the circuit parameters including V;,,
D, f, C L, and I, and I; ;. for a buck converter
whose capacitor voltage is given in Fig. P4.9.

Figure P4.9

D4.10 Design the buck converter to operate in ccm
with the following specifications: V. =22V,

in, min

Vin, max 48 V’ Vin, nom 32 V’ Vo =12 V7
Lymax =4 A, I, in=05A, f,=50kHz, and
AV, =120 mV.
Boost Converter

D4.11 Design a boost converter with the follow-
ing specifications:

Vin =28V, V, =48V, P, =100 W,
f; = 110 kHz , 2% output voltage ripple

4.12 Sketch the inductor current for the boost
converter shown in Fig. P4.12. Assume ccm oper-
ation with D = 0.4.

200uH 050

+

28V N R< 600
70 /.LFT 3

fy=50 kHz

Figure P4.12

D4.13 Design a boost converter to deliver 80 V at
4 A from a 60 V source with an output ripple volt-
age not to exceed 1%. Assume f, = 20 kHz .

4.14 The source for a boost converter has an inter-
nal resistance R, as shown in Fig. P4.14. Derive
expressions for:

@ V,/Vi,
(b) The efficiency, n = —22<

n, ave
(¢) The duty cycle at which the output voltage is
maximized
Your expressions should be given as a function of
R/R and D.

Ry

Boost
converter R V()

Figure P4.14

D4.15 Design a boost converter for the following
requirements: P,=20W, V=20V,
D = 0.35, and 1% output voltage ripple.
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4.16 Determine AV, for a boost converter with
V=12V, V,=15V at I,=250mA. Use
L=150 uH, C =470 uF, and f,=20kHz.
Sketch the capacitor voltage and inductor current.
4.17 Derive the capacitor and inductor current
rms values for Problem 4.16.

4.18 Derive the expressions for V, /V,, for the
boost by including 7; and r,,.

4.19 Derive the expressions for V /V;, for the
boost by including V, and V,.

D4.20 Design a boost converter to operate in ccm
with the following specifications:

V. =90V,V =150V,

in, min in, max

=120V, VvV, =152V, 1 =2A,

> 0, max

V.

in, nom

I, min=02A, f,=50kHz, AV, /V,= 1%

Buck-Boost Converter

D4.21 Consider a buck-boost converter with the
following specifications:

V,=12V,P,=25W, V, =24V,
f,=100kHz, AV, /V, = 1%

(a) Design the converter so it operates in the ccm.

(b) Find the maximum inductor current under
both operating modes.

(¢) If the load changes by 50% (lighter load, R in-
creases), determine the new mode of operation.

(d) Sketch i (¢) and v (¢) for parts (a) and (b).
4.22 Consider the following values for a buck-
boost converter:
V,=30V,D=025 R=2Q,L=330 uH,
f; =10 kHz

(a) Determine the mode of operation.

(b) Sketch i;.

(c) Determine V.

(d) Determine C for a 1% output ripple.

(e) At what value of D does the transition between
ccm and dem occur?

4.23 Consider a buck-boost converter that sup-
plies 100 W to V, = 30 V from a 50-30 V dc
source. Let 7 = 100 us and L = 800 uH.

(a) Determine the range of D for the given range
of source voltage.

(b) Determine the average input current, diode
current, I;,.., and I; ., under V;, = 35 V.

(¢) Determine the rms value of the diode current
and the capacitor current under V,, = 35 V.

Problems 203

(d) Design for C so that the output ripple voltage
is limited to 2% of V, under V;, = 30 V.

(e) If the load resistor is changed so that the con-
verter load current is decreased by 10%, what is
the new duty cycle when V,, = 35 V?

4.24 For stability considerations, sometimes it is
required that the equivalent series resistance (ESR)
of the output capacitor be included in modeling the
power stage of a PWM converter. Fig. P4.24 shows

Figure P4.24

a buck-boost converter including rgqg. Derive the
expression for the output ripple.

4.25 Repeat Problem 4.4 for a buck-boost con-
verter.

D4.26 Redesign Problem 4.5 for a buck-boost
converter.

D4.27 Redesign Problem 4.13 for a buck-boost
converter.

4.28 Derive the expression for V,/V,, for the
buck-boost converter by including r;.

4.29 Derive the expression V,/V,, for the buck-
boost by including V), and V,.

4.30 Derive the expression for V,/V, for the
buck-boost converter by including r,.

Fourth-Order Converters

4.31 Derive the expression for V,/V,, for the
Zeta converter by including r;.

4.32 Derive the expression for V,/V;, for the
Cuk converter by including Vj, and V.

4.33 Derive the expression for V,/V, for the
Cuk converter by including 7.

4.34 Determine the output voltage ripple equation
for the Cuk and Zeta converters.

4.35 Consider the Cuk converter of Fig. P4.35.
(a) Sketch the waveforms for i;,, i;,, iy, and i
assuming constant voltages across C; and C,.

(b) Determine the rms current values in the diode
and switch.

(c) What is the ripple voltage across C; and C,?
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3 uH Ci
70 uF
40V S
f, =70 kHz
Figure P4.35

4.36 Derive the voltage gain equation for the single-
ended primary inductance converter (SEPIC)
shown in Fig. E4.11(a).

4.37 Derive the rms expressions for the inductor
and diode currents for the Cuk converter.

D4.38 (a) Derive the voltage gain expression for
the SEPIC converter operating in the dem.

(b) Design the converter for the following specifi-
cations:

V,=45V,V,=15V,P,=25W,
£, = 50 kHz

(i) The maximum inductor ripple current
should not exceed 15% of its average value.

(i) The maximum voltage ripple across C,
should not exceed 5% of its average value.

(iii) The maximum output voltage ripple is
less than 0.1%.

4.39 Develop an equivalent circuit for the cas-
caded boost and buck-boost converters.

4.40 Derive the voltage gain expression for the
cascaded arrangement in Problem 4.39.

Discontinuous Conduction Mode

4.41 Consider the buck converter of Problem 4.1.
(a) Determine the voltage gain for L = 0.1L
(b) Determine D,.

4.42 Derive the ripple voltage for the buck con-
verter operating in the dem.

rit*

4.43 Derive the ripple voltage for the buck-boost
converter operating in the dem.

4.44 Consider a boost converter with L = 67 uH,
Vin =60V, f, =20 kHz, C = 10 uF, V, = 80
Vatl, =4A.

(a) Determine the mode of operation.

(b) Repeat part (a) for I, = 2 A.

(c) Sketch i,, V), and V.. for parts (a) and (b).

(d) Determine D and D, for V, = 80 V at (i)
I,=4Aand (i) 1, =2 A

5 uH

100 uF Cy 2Ve@2A

+

(e) Repeat part (d) for V;, = 65 V.

4.45 Determine the expressions for the diode and
transistor currents of the buck-boost operating in
the dem.

D4.46 Design the buck-boost converter to operate
in the dem with the following specifications:

V, =18V, V, =38V, I, . =2A,

0,max

Io,min =02 A,f; =95 kHZ, AVU = 180 mV.

4.47 Derive the following expressions for the
buck-boost converter operating in the dem:

D
J27,

D,=D+ /27,

M:

where
T, =

7=L/R

4.48 Derive the expression for the voltage ripple
for the boost converter operating in dem. Also give
an expression for the capacitor voltage at t = 0
and t = DT in terms of the circuit parameters.

4.49 Repeat Problem 4.21 under dcm operation.

4.50 Derive the voltage gain for the Cuk converter
operating in the dem.

4.51 Derive the expressions for M and D, for the
Cuk converter when it operates in the decm. (decm
operation for the Cuk converter is assumed only
when both inductor currents are discontinuous.)

4.52 (a) Derive the expression for AV, (peak-to-
peak) for a buck converter operating in the dem.
(b) Determine AV, for a boost converter for
V=12V, V, =15V, and I, =250 mA. Use
L =150 uH, C =470 uF,and f, =20 kHz.

Other Converter Topologies

4.53 Derive the expression for the voltage gain for
the two-switch PWM converter shown in Fig. P4.53.
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S, and S, are switched simultaneously. Assume
RC >> T. Compare this converter to the single-
switch buck-boost converter.

M L Dy
vmg %m Szf TIC %

fy =70 kHz

+

=

Figure P4.53

4.54 Tt is possible to develop a basic switched-mode
dc converter by using constant input and output current
sources. Such converters are called current inverters.
Figure P4.54 shows the three basic current converters:
buck, boost, and buck-boost. Assume L/R is very
large compared to the switching frequency so that 7, is
assumed constant. Show that the current gains for
these topologies are given by, respectively,

1
(a) £ =(1-D)
I, 1
b) =5
I, _1-D
© 7"

4.55 Show that the critical capacitor value that
will produce a continuous capacitor voltage for the
buck converter in Fig. P4.54(a) is given by
DT
Ccrit 2 -.Q.,‘E

Problems 205

D I, L
Iin fs TC R
(a)
S 1, L

Iin I C D R
()
C I, L
Im f N D R
(c)
Figure P4.54

4.56 Consider the circuits shown in Fig. P4.56
with V, and /, constants, i.e., RC>>T and L/ R>>T.
The input current and voltage squarewaves are as
shown. Derive the expressions for the inductor
and capacitor ripples in terms of the circuit
parameters.

Figure P4.56

(@)

0 DT T
)
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4.57 Repeat Problem 4.56 for Fig. P4.57, where
1<B <2

Vin
A
|0 0=t<DT
fm_{/s DI=t<T
|_ > 1=B<2
0 DT T
Figure P4.57

4.58 Derive the dc and fundamental components
of the Fourier series for the input current in the
buck converter.

Additional General Problems

4.59 Derive the rms expressions for the inductor
and diode currents for the buck converter.

4.60 Derive the rms expressions for the inductor
and diode currents for the boost converter.

4.61 Derive the rms expressions for the inductor
and diode currents for the buck-boost converter.

4.62 Consider the bidirectional double-switch buck
converter shown in Fig. P4.62. Assume S, and S,

Figure P4.62

are turned on and off simultaneously at duty ratio D.
Show that the voltage gain is given by

V
—2=2D-1

m

4.63 Derive the ripple voltage expression for the
bidirectional converter of Problem 4.62.

D4.64 Design the three buck-boost converters
needed to be used in the dc distributed power sys-
tem in Fig. P4.64.

+55Vdcbus @ 10 A

A
v

de-dc
converter
1

+12V dcbus @ 2 A

A

dc-dc
converter
2

+5Vdcbus @ 1 A

< »

dc-dc
converter
3

—12V dc bus @ 500 mA

<

Figure P4.64

4.65 Show that the nth harmonic peak value for
the diode voltage of the buck converter is given by
in 2 innD
Vp, = ——sinnDm
b par
4.66 The converter shown in Fig. P4.66 is known
as a noninverting buck-boost converter. Derive the
expression for V,/V,. Assume S; and S, are
turned on and off simultaneously.

Figure P4.66

—®
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D4.67 Design a switched-mode power supply that
is capable of supplying +12 V output voltage with
an output power of 25 W to 375 W from a 56 V dc
source. Assume the dc input comes from a vari-
able dc source supply that changes by +25%. The
converter should not produce more than +2% out-
put ripple, given the peak and rms rating values for
the power devices. Let f, = 75 kHz .

D4.68 Design a switched-mode converter that de-
livers 25 W output power to a regulated output
voltage of +12 V. Assume the dc source is ob-
tained from an ac-dc SCR rectifier whose dc un-
regulated output vary between 8 V and 18 V. It is
desired to limit the output voltage ripple to 1% and
the switching frequency to 100 kHz.

4.69 Figure P4.69 shows another way to repre-
sent a buck-boost converter using a single-pole,
double-through switch. Assume C; and C, are
large enough that their voltages are constant. De-

+ V. -
I
I\
¢
1 2 Iu
o ————O ® >
Tin +
CONNE R 3%
iL -

Figure P4.69

Problems 207

rive the expression for V,/ Vi, and I,/1I;,. As-
sume in steady state the switch is in position 1 for
the interval DT and in position 2 for the interval
(1-DT.

4.70 Figure P4.70 shows the circuit representation
for cascading a buck-boost and a buck converter.
Show that the total voltage gain is D%/ (1-D).

4.71 Determine the voltage gain for the circuit
shown in Fig. P4.71. What converters are put in
cascade to produce this topology?

4.72 Consider a boost converter with its dc source
coming from an unregulated 124 V dc input that
varies by +18% and delivers power to the load be-
tween 75 W and 225 W. It is desired to regulate the
output voltage to 72 V. Assume the power switch
has an on-resistance of 0.5 {2, and the power diode
has a 0.7 V voltage drop with a 0.25 () forward re-
sistance. Also assume the inductor loss can be
modeled by a discrete resistance of 0.1 (). Deter-
mine the range of the duty cycle D needed to be
employed to maintain a constant output voltage.
Assume ccm operation.

4.73 Figure P4.73 shows a two-quadrant boost
converter topology that produces bipolar output
voltage. Derive the expression for V, /V;, assum-
ing Q, and Q, are synchronized switches during
turn-on for DT and turn-off for (1 -D)T.

4.74 The circuit shown in Fig. P4.74 is known as
an inverse SEPIC converter. Derive the voltage
gain equation V, /V, . The switch is in position 1
during the DT interval and in position 2 during the
(1-D)T interval.

Figure P4.71
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Figure P4.73

Inverse SEPIC

Figure P4.74
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